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Abstract
In this paper we introduce two types of Ape´ry-like sequences {Gn(x)} and {Vn(x)},
and present many results and conjectures on congruences involving {Gn(x)} and {Vn(x)}.
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1. Introduction
For s > 1 let ζ(s) =
∑∞
n=1
1
ns . In 1979, in order to prove that ζ(2) and ζ(3) are irrational,
Ape´ry [Ap] introduced the Ape´ry numbers {An} and {A
′
n} given by
An =
n∑
k=0
(
n
k
)2(n+ k
k
)2
and A′n =
n∑
k=0
(
n
k
)2(n+ k
k
)
.
It is well known (see [B2]) that
(n+ 1)3An+1 = (2n+ 1)(17n(n + 1) + 5)An − n
3An−1 (n ≥ 1),
(n+ 1)2A′n+1 = (11n(n + 1) + 3)A
′
n + n
2A′n−1 (n ≥ 1).
Let Z and Z+ be the set of integers and the set of positive integers, respectively. The
Ape´ry-like numbers {un} of the first kind satisfy
(1.1) u0 = 1, u1 = b, (n + 1)
3un+1 = (2n + 1)(an(n + 1) + b)un − cn
3un−1 (n ≥ 1),
where a, b, c ∈ Z and c 6= 0. Let [x] be the greatest integer not exceeding x, and let
Dn =
n∑
k=0
(
n
k
)2(2k
k
)(
2n− 2k
n− k
)
, Tn =
n∑
k=0
(
n
k
)2(2k
n
)2
,
bn =
[n/3]∑
k=0
(
2k
k
)(
3k
k
)(
n
3k
)(
n+ k
k
)
(−3)n−3k,
Vn =
n∑
k=0
(
2k
k
)2(2n− 2k
n− k
)2
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
2k
k
)2
16n−k.
Then {An}, {Dn}, {bn}, {Tn} and {Vn} are Ape´ry-like numbers of the first kind with
(a, b, c) = (17, 5, 1), (10, 4, 64), (−7,−3, 81), (12, 4, 16) and (16, 8, 256), respectively. The
numbers {Dn} are called Domb numbers, and {bn} are called Almkvist-Zudilin numbers.
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For {An}, {Dn}, {bn}, {Tn} and {Vn} see A005259, A002895, A125143, A290575 and
A036917 in Sloane’s database “The On-Line Encyclopedia of Integer Sequences”. For the
congruences involving Tn see the author’s paper [S17], for the formulas and congruences
involving Vn, see [S20], [Su3], [Su5] and [W].
In 2009 Zagier [Z] studied the Ape´ry-like numbers {un} of the second kind given by
(1.2) u0 = 1, u1 = b and (n+ 1)
2un+1 = (an(n+ 1) + b)un − cn
2un−1 (n ≥ 1),
where a, b, c ∈ Z and c 6= 0. Let
fn =
n∑
k=0
(
n
k
)3
=
n∑
k=0
(
n
k
)2(2k
n
)
,
Sn =
[n/2]∑
k=0
(
2k
k
)2( n
2k
)
4n−2k =
n∑
k=0
(
n
k
)(
2k
k
)(
2n− 2k
n− k
)
,
an =
n∑
k=0
(
n
k
)2(2k
k
)
, Qn =
n∑
k=0
(
n
k
)
(−8)n−kfk,
Wn =
[n/3]∑
k=0
(
2k
k
)(
3k
k
)(
n
3k
)
(−3)n−3k,
Gn =
n∑
k=0
(
2k
k
)2(2n − 2k
n− k
)
4n−k =
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)2
16n−k.
According to [Z] and [AZ], {A′n}, {fn}, {Sn}, {an}, {Qn}, {Wn} and {Gn} are Ape´ry-like
sequences of the second kind with (a, b, c) = (11, 3,−1), (7, 2,−8), (12, 4, 32), (10, 3, 9), (−17,
−6, 72), (−9, −3, 27) and (32, 12, 256), respectively. The sequence {fn} is called Franel
numbers. In [JS,S15,S16,S18,S20] the author systematically investigated identities and
congruences for sums involving Sn, fn, Wn and Gn. For {A
′
n}, {fn}, {Sn}, {an}, {Qn},
{Wn} and {Gn} see A005258, A000172, A081085, A002893, A093388, A291898 and
A143583 in Sloane’s database “The On-Line Encyclopedia of Integer Sequences”.
Ape´ry-like numbers have fascinating properties and they are concerned with Picard-
Fuchs differential equation, modular forms, hypergeometric series, elliptic curves, series for
1
pi , supercongruences, binary quadratic forms, combinatorial identities, Bernoulli numbers
and Euler numbers. See for example [AO], [AZ], [B1]-[B2], [CCS], [CZ], [CTYZ], [GMY],
[SB] and [Z].
For a prime p let Zp be the set of rational numbers whose denominator is not divisible
by p, and let
(
a
p
)
be the Legendre symbol. For positive integers a, b and n, if n = ax2+by2
for some integers x and y, we briefly write that n = ax2 + by2. In Section 2, we establish
two useful lemmas for congruences involving Ape´ry-like sequences. Let p be an odd prime
and m ∈ Zp. Suppose that {un} is a sequence of rational p-integers and vn =
∑n
k=0
(n
k
)
uk.
We show that
p−1∑
k=0
vk
mk
≡
p−1∑
k=0
uk
(m− 1)k
(mod p) for m 6≡ 0, 1 (mod p)
and
(p−1)/2∑
k=0
(
2k
k
)
vk
(m+ 2)k
≡
((m+ 2)(m − 2)
p
) (p−1)/2∑
k=0
(
2k
k
)
uk
(m− 2)k
(mod p)
2
for m 6≡ ±2 (mod p).
Inspired by Zudilin’s work in [AZ] and [Zu], in this paper we introduce two types of
Ape´ry-like sequences {Gn(x)} and {Vn(x)} as generalizations of Gn and Vn, and system-
atically investigate their properties. In Section 3, we introduce
(1.3) Gn(x) =
n∑
k=0
(
n
k
)
(−1)k
(
x
k
)(
−1− x
k
)
(n = 0, 1, 2, . . .).
and find that mnGn(x) is an Ape´ry-like sequence of the second kind with a = 2m, b =
m(x2 + x+ 1) and c = m2. Also,
Gn(x) =
n∑
k=0
(
x
k
)2
(−1)n−k
(
−1− x
n− k
)
.
It is well known (see [S5-S8]) that
(1.4)
(
−12
k
)2
=
(2k
k
)2
16k
,
(
−13
k
)(
−23
k
)
=
(2k
k
)(3k
k
)
27k
,
(
−14
k
)(
−34
k
)
=
(
2k
k
)(
4k
2k
)
64k
,
(
−16
k
)(
−56
k
)
=
(
3k
k
)(
6k
3k
)
432k
.
Thus, Gn = 16
nGn(−
1
2 ). Define
G(3)n = 27
nGn
(
−
1
3
)
=
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)(
3k
k
)
27n−k,(1.5)
G(4)n = 64
nGn
(
−
1
4
)
=
n∑
k=0
(
n
k
)
(−1)k
(
2k
k
)(
4k
2k
)
64n−k,(1.6)
G(6)n = 432
nGn
(
−
1
6
)
=
n∑
k=0
(
n
k
)
(−1)k
(
3k
k
)(
6k
3k
)
432n−k.(1.7)
Then G
(3)
n , G
(4)
n and G
(6)
n are Ape´ry-like sequences of the second kind with (a, b, c) =
(54, 21, 729), (128, 52, 4096) and (864, 372, 186624), respectively. In Section 3, for any
prime p > 3 and x ∈ Zp with x 6≡ 0,±1, 2 (mod p), we obtain congruences for
∑p−1
n=0Gn(x)
and
∑p−1
n=0 nGn(x) modulo p
3. See Theorems 3.2 and 3.3. We also get congruences for
Gp(x), Gp−1(x) (mod p
3) and Gp−1
2
(x) (mod p2). For instance, taking x = −16 yields
p−1∑
n=0
G
(6)
n
432n
≡
{
p2 (mod p3) if 4 | p− 1,
−
67
5
p2 (mod p3) if 4 | p− 3,
p−1∑
n=0
nG
(6)
n
432n
≡


−
5
77
p2 (mod p3) if 4 | p− 1,
2567
385
p2 (mod p3) if 4 | p− 3,
G
(6)
p−1 ≡ (−1)
p−1
2 186624p−1 +
155
9
p2Ep−3 (mod p
3),
G(6)p ≡ 372 + 8640(−1)
p−1
2 p2Ep−3 (mod p
3),
3
G
(6)
p−1
2
≡
{
432
p−1
2
(p
3
)
· 4x2 − 2p (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p) if p ≡ 3 (mod 4),
where {En} are Euler numbers given by
E2n−1 = 0, E0 = 1, E2n = −
n∑
k=1
(
2n
2k
)
E2n−2k (n ≥ 1).
We also present many conjectures on congruences involving G
(3)
n , G
(4)
n and G
(6)
n .
In Section 4, we introduce
(1.8) Vn(x) =
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
(n = 0, 1, 2, . . .)
and state that mnVn(x) is an Ape´ry-like sequence of the first kind with a = m, b =
m(2x2 + 2x+ 1) and c = m2. We show that
(1.9) Vn(x) =
n∑
k=0
(
x
k
)2(−1− x
n− k
)2
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)n−kGk(x)
and
(1.10)
p−1∑
n=0
Vn(x)
mn
≡
( p−1∑
k=0
Gk(x)
mk
)2
(mod p)
for any prime p > 3 and m,x ∈ Zp with m 6≡ 0 (mod p), and establish congruences for
p−1∑
n=0
Vn(x) (mod p
4),
p−1∑
n=0
(2n+ 1)Vn(x) (mod p
5),
p−1∑
n=0
(2n+ 1)(−1)nVn(x) (mod p
4),
p−1∑
n=0
(−1)nVn(x) (mod p
2), Vp(x) (mod p
3), Vp−1(x) (mod p
3).
Clearly, Vn = 16
nVn(−
1
2 ). Define
V (3)n = 27
nVn
(
−
1
3
)
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
2k
k
)(
3k
k
)
27n−k,(1.11)
V (4)n = 64
nVn
(
−
1
4
)
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
2k
k
)(
4k
2k
)
64n−k,(1.12)
V (6)n = 432
nVn
(
−
1
6
)
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
3k
k
)(
6k
3k
)
432n−k.(1.13)
Then V
(3)
n , V
(4)
n and V
(6)
n are Ape´ry-like sequences of the first kind with (a, b, c) = (27, 15, 729),
(64, 40, 4096) and (432, 312, 186624), respectively. By [Zu],
(1.14) V (4)n =
n∑
k=0
(
2k
k
)3(2n− 2k
n− k
)
16n−k.
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In Section 4, we obtain many congruences involving V
(3)
n , V
(4)
n and V
(6)
n . As typical ex-
amples, for any prime p > 3,
V (6)p ≡ 312 (mod p
3), V
(6)
p−1 ≡ 186624
p−1 (mod p3),
p−1∑
n=0
V
(3)
n
(−27)n
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
n=0
V
(4)
n
64n
≡ (−1)
p−1
2 p+ 13p3Ep−3 (mod p
4),
p−1∑
n=0
(2n + 1)
V
(3)
n
27n
≡ p3 +
21
2
p4qp(3) (mod p
5),
p−1∑
n=0
(2n + 1)
V
(6)
n
(−432)n
≡ (−1)
p−1
2 p+
155
9
p3Ep−3 (mod p
4),
where qp(a) is the Fermat quotient given by qp(a) = (a
p−1 − 1)/p. We also make some
conjectures on congruences involving V
(3)
n , V
(4)
n and V
(6)
n .
In Section 5, we present many congruences and conjectures involving an, Qn and other
Ape´ry-like sequences. Let p be an odd prime, m ∈ Zp and (m+ 2)(m − 2) 6≡ 0 (mod p).
We show that
p−1∑
k=0
(
2k
k
)
ak
(m+ 2)k
≡
((m+ 2)(m − 2)
p
) p−1∑
k=0
(
2k
k
)
fk
(m− 2)k
(mod p),
p−1∑
k=0
(
2k
k
)
Qk
(−8(m+ 2))k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)
fk
(−8(m− 2))k
(mod p),
p−1∑
k=0
(
2k
k
)
Qk
(−9(m+ 2))k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)
ak
(−9(m− 2))k
(mod p).
From this we deduce many congruences modulo p in terms of certain binary quadratic
forms.
In addition to the above, throughout this paper we use the following notation. For
an odd prime p and x ∈ Zp let 〈x〉p be the least nonnegative residue of x modulo p. For
n ∈ Z+ defineHn = 1+
1
2+· · ·+
1
n andH
(r)
n = 1+
1
2r +· · ·+
1
nr for r ∈ Z
+. For convenience,
we also assume H0 = H
(r)
0 = 0. The Bernoulli numbers {Bn} and the sequence {Un} are
defined by
B0 = 1,
n−1∑
k=0
(
n
k
)
Bk = 0 (n ≥ 2),
U2n−1 = 0, U0 = 1, U2n = −2
n∑
k=1
(
2n
2k
)
U2n−2k (n ≥ 1).
For congruences involving Bn, En and Un see [S1,S2,S4].
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2. Basic lemmas
For any nonnegative integer m and real number x, it is clear that
m∑
k=0
(
x
k
)
(−1)k =
m∑
k=0
(
x− 1
k
)
(−1)k +
m∑
k=1
(
x− 1
k − 1
)
(−1)k
=
m∑
r=0
(
x− 1
r
)
(−1)r −
m−1∑
r=0
(
x− 1
r
)
(−1)r =
(
x− 1
m
)
(−1)m.
That is,
(2.1)
m∑
k=0
(
x
k
)
(−1)k =
m∑
k=0
(
−x− 1 + k
k
)
=
(
m− x
m
)
.
From [G, (1.52)],
(2.2)
m∑
n=k
(
n
k
)
=
(
m+ 1
k + 1
)
.
By [S17, (11)],
(2.3)
p−1∑
n=k
n
(
n
k
)
=
(p2 + p
k + 2
−
p
k + 1
)(p− 1
k
)
.
By (2.2) and (2.3),
(2.4)
p−1∑
n=k
(2n + 1)
(
n+ k
2k
)
= 2
p−1∑
n=k
(n+ k)
(
n+ k
2k
)
− (2k − 1)
p−1∑
n=k
(
n+ k
2k
)
= 2
( (p+ k)(p + k + 1)
2k + 2
−
p+ k
2k + 1
)(p+ k − 1
2k
)
−
(
p+ k
2k + 1
)
=
p(p− k)
k + 1
(
p+ k
2k
)
.
Using induction one can prove the identity (see [Su2, (3.5)])
(2.5)
p−1∑
n=k
(2n+ 1)(−1)n
(
n+ k
2k
)
= (p− k)
(
p+ k
2k
)
.
For two sequences {un} and {vn}, we have the binomial inversion formula:
vn =
n∑
k=0
(
n
k
)
uk (n = 0, 1, 2, . . .) ⇐⇒ un =
n∑
k=0
(
n
k
)
(−1)n−kvk (n = 0, 1, 2, . . .).
By [S14, Theorem 2.2],
(2.6)
n∑
k=0
(
n
k
)(
n+ k
k
)(
uk − (−1)
n−k
k∑
r=0
(
k
r
)
ur
)
= 0.
6
Let p be an odd prime. By [S8, Theorem 2.4], for x ∈ Zp,
(2.7)
p−1∑
k=0
(
x
k
)(
−1− x
k
)(
(−1)〈x〉puk −
k∑
r=0
(
k
r
)
(−1)rur
)
≡ 0 (mod p2).
It is easy to prove (see [S2, Lemma 2.9]) that for k = 1, 2, . . . , p− 1,
(2.8)
(
p− 1
k
)
(−1)k ≡ 1− pHk +
p2
2
(
H2k −H
(2)
k
)
(mod p3).
In 1952 Ljunggren proved that for any prime p > 3 and m,n ∈ Z+,
(2.9)
(
mp
np
)
≡
(
m
n
)
(mod p3).
The Bernoulli polynomials {Bn(x)} and Euler polynomials {En(x)} are given by
(2.10) Bn(x) =
n∑
k=0
(
n
k
)
Bkx
n−k and En(x) =
1
2n
n∑
k=0
(
n
k
)
(2x− 1)n−kEk.
Suppose that p is an odd prime. By [S1, Lemma 3.2],
(2.11) H
(2)
〈x〉p
=
〈x〉p∑
r=1
1
r2
≡
〈x〉p∑
r=1
rp−3 ≡ −
Bp−2(−x)
p− 2
≡
1
2
Bp−2(−x) (mod p).
By [S13, Lemma 2.2 (with k = 2)],
(2.12)
〈x〉p∑
k=1
(−1)k
k2
≡
1
2
(−1)〈x〉pEp−3(−x) (mod p).
By [S13, Theorem 2.1], for x ∈ Zp and x
′ = (x− 〈x〉p)/p,
(2.13)
p−1∑
k=0
(
x
k
)(
−1− x
k
)
≡ (−1)〈x〉p + p2x′(x′ + 1)Ep−3(−x) (mod p
3).
By [S13, pp.3300-3301], for p > 3,
Ep−3
(1
2
)
=
1
2p−3
Ep−3 ≡ 4Ep−3 (mod p), Ep−3
(1
6
)
≡ 20Ep−3 (mod p),(2.14)
Ep−3
(1
3
)
≡ 9Up−3 (mod p), Ep−3
(1
4
)
≡ 16sp−3 (mod p),(2.15)
where {sn} is given by
(2.16) s0 = 1 and sn = 1−
n−1∑
k=0
(
n
k
)
22n−1−2ksk (n ≥ 1).
From [S10, Lemma 2.3 and Theorem 2.1], for x ∈ Zp and x
′ = (x− 〈x〉p)/p,
(2.17)
p−1∑
k=1
(x
k
)(−1−x
k
)
k
≡ −2H〈x〉p + 2px
′H
(2)
〈x〉p
≡ −2
Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
(mod p2).
7
By [T1],
(2.18)
p−1∑
k=1
(x
k
)(−1−x
k
)
k2
≡ −
1
2
( p−1∑
k=1
(x
k
)(−1−x
k
)
k
)2
(mod p).
By [S10, (2.5)] and [S1, Theorem 5.2],
(2.19)
Bp2(p−1)(
1
2 )−Bp2(p−1)
p2(p− 1)
≡ H p−1
2
+
p
2
H
(2)
p−1
2
≡ −2qp(2) + pqp(2)
2 (mod p2).
By [S2, p.287], for p > 3,
Bp2(p−1)(
1
3 )−Bp2(p−1)
p2(p− 1)
≡ −
3
2
qp(3) +
3
4
pqp(3)
2 (mod p2),(2.20)
Bp2(p−1)(
1
4 )−Bp2(p−1)
p2(p− 1)
≡ −3qp(2) +
3
2
pqp(2)
2 (mod p2),(2.21)
Bp2(p−1)(
1
6 )−Bp2(p−1)
p2(p− 1)
≡ −2qp(2)−
3
2
qp(3) + p
(
qp(2)
2 +
3
4
qp(3)
2
)
(mod p2).(2.22)
Lemma 2.1. Let p be an odd prime and m ∈ Zp with m(m−1) 6≡ 0 (mod p). Suppose
that {un} is a sequence of rational p-integers and vn =
∑n
k=0
(
n
k
)
uk. Then
p−1∑
k=0
vk
mk
≡
p−1∑
k=0
uk
(m− 1)k
(mod p).
Also,
p−1∑
k=0
vk ≡
p−1∑
k=0
(−1)kp
k + 1
uk − p
2
p−2∑
k=0
(−1)kHk
k + 1
uk (mod p
3).
Proof. It is clear that
p−1∑
k=0
vk
mk
=
p−1∑
k=0
1
mk
k∑
s=0
(
k
s
)
us =
p−1∑
s=0
p−1∑
k=s
1
mk
(
−1− s
k − s
)
(−1)k−sus
=
p−1∑
s=0
us
ms
p−1∑
k=s
(
−1− s
k − s
)
1
(−m)k−s
=
p−1∑
s=0
us
ms
p−1−s∑
r=0
(
−1− s
r
)(
−
1
m
)r
≡
p−1∑
s=0
us
ms
p−1−s∑
r=0
(
p− 1− s
r
)(
−
1
m
)r
=
p−1∑
s=0
us
ms
(
1−
1
m
)p−1−s
≡
p−1∑
s=0
us
(m− 1)s
(mod p).
For m = 1, from the above and (2.1) we see that
p−1∑
k=0
vk =
p−1∑
s=0
us
p−1−s∑
r=0
(
−1− s
r
)
(−1)r =
p−1∑
s=0
(
p
p− 1− s
)
us
8
=p−1∑
s=0
p
s+ 1
(
p− 1
s
)
us ≡ up−1 +
p−2∑
s=0
p
s+ 1
(−1)s(1− pHs)us (mod p
3).
This yields the remaining part.
Lemma 2.2. Let p be an odd prime and m ∈ Zp with (m + 2)(m − 2) 6≡ 0 (mod p).
Suppose that {un} is a sequence of rational p-adic integers and vn =
∑n
k=0
(
n
k
)
uk. Then
(p−1)/2∑
k=0
(
2k
k
)
vk
(m+ 2)k
≡
((m+ 2)(m− 2)
p
) (p−1)/2∑
k=0
(
2k
k
)
uk
(m− 2)k
(mod p)
and
(p−1)/2∑
k=0
(
2k
k
)
vk
4k
≡ (−1)
p−1
2
(
2p−1u p−1
2
+
p
2
(p−3)/2∑
s=0
(2s
s
)
(−4)s(2s+ 1)
us
)
(mod p2).
Proof. Note that
(− 1
2
k
)
=
(2k
k
)
4−k and
(x
k
)(k
s
)
=
(x
s
)(x−s
k−s
)
. For m 6≡ −2 (mod p),
(p−1)/2∑
k=0
(
2k
k
)
vk
(m+ 2)k
=
(p−1)/2∑
k=0
(
−12
k
)( −4
m+ 2
)k k∑
s=0
(
k
s
)
us =
(p−1)/2∑
s=0
(p−1)/2∑
k=s
(
−12
s
)(
−12 − s
k − s
)
us
( −4
m+ 2
)k
=
(p−1)/2∑
s=0
(
−12
s
)
us
( −4
m+ 2
)s (p−1)/2∑
k=s
(
−12 − s
k − s
)( −4
m+ 2
)k−s
=
(p−1)/2∑
s=0
(
−12
s
)
us
( −4
m+ 2
)s (p−1)/2−s∑
r=0
(
−12 − s
r
)( −4
m+ 2
)r
.
Hence, for m 6≡ 2 (mod p),
(p−1)/2∑
k=0
(
2k
k
)
vk
(m+ 2)k
≡
(p−1)/2∑
s=0
(
−12
s
)
us
( −4
m+ 2
)s (p−1)/2−s∑
r=0
(p−1
2 − s
r
)( −4
m+ 2
)r
=
(p−1)/2∑
s=0
(
2s
s
)
us
(m+ 2)s
(
1−
4
m+ 2
) p−1
2
−s
=
(p−1)/2∑
s=0
(
2s
s
)
us
(m− 2)s
(m− 2
m+ 2
) p−1
2
≡
( (m− 2)(m+ 2)
p
) (p−1)/2∑
s=0
(
2s
s
)
us
(m− 2)s
(mod p).
On the other hand, from (2.1), Morley’s congruence
(p−1
p−1
2
)
≡ 4p−1 (mod p2) and the above
we deduce that
(p−1)/2∑
k=0
(
2k
k
)
vk
4k
9
=(p−1)/2∑
s=0
(
−12
s
)
us(−1)
s
(p−1)/2−s∑
r=0
(
−12 − s
r
)
(−1)r =
(p−1)/2∑
s=0
(
2s
s
)
4s
us
( p
2
p−1
2 − s
)
=
( p−1
(p−1)/2
)
4(p−1)/2
u p−1
2
+
(p−1)/2∑
s=0
(2s
s
)
4s
us
p
2 (
p
2 − 1) · · · (
p
2 − (
p−3
2 − s))
(p−12 − s)!
≡ (−1)
p−1
2 2p−1u p−1
2
+ (−1)
p−1
2 p
(p−3)/2∑
s=0
(2s
s
)
us
(−4)s(2s+ 1)
(mod p2).
This proves the lemma.
Lemma 2.3 ([S15, Lemma 2.4]). Let p be an odd prime, u, c0, c1, . . . , cp−1 ∈ Zp
and u 6≡ 1 (mod p). Then
p−1∑
k=0
(
2k
k
)( u
(1− u)2
)k
ck ≡
p−1∑
n=0
un
n∑
k=0
(
n
k
)(
n+ k
k
)
ck (mod p).
Lemma 2.4 ([S16, Lemma 2.2]). Let p > 3 be a prime and c0, c1, . . . , cp−1 ∈ Zp.
Then
p−1∑
n=0
n∑
k=0
(
n
k
)(
n+ k
k
)
ck ≡
p−1∑
k=0
p
2k + 1
(−1)kck (mod p
3).
3. Congruences for Gn(x)
Recall that
Gn(x) =
n∑
k=0
(
n
k
)
(−1)k
(
x
k
)(
−1− x
k
)
(n = 0, 1, 2, . . .).
Using sumtools in Maple we find that
(3.1)
(n+ 1)2mn+1Gn+1(x)
= (2mn(n+ 1) +m(x2 + x+ 1))mnGn(x)−m
2n2mn−1Gn−1(x) (n ≥ 1)
Thus,mnGn(x) is an Ape´ry-like sequence of the second kind with a = 2m, b = m(x
2+x+1)
and c = m2.
Theorem 3.1. For n = 0, 1, 2, . . . we have
Gn(x) =
n∑
k=0
(
x
k
)2
(−1)n−k
(
−1− x
n− k
)
Proof. Set G′n(x) =
∑n
k=0
(x
k
)2
(−1)n−k
(−1−x
n−k
)
. Then G′0(x) = 1 = G0(x) and G
′
1(x) =
x2 + x+ 1 = G1(x). Using sumtools in Maple we find that
(n+ 1)2G′n+1(x) = (2n(n + 1) + x
2 + x+ 1)G′n(x)− n
2G′n−1(x) (n ≥ 1).
Thus, G′n(x) = Gn(x) for n = 0, 1, 2, . . . by (3.1).
Let G
(3)
n , G
(4)
n and G
(6)
n be given by (1.5)-(1.7). Then clearly they are Ape´ry-like
integral sequences.
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Theorem 3.2. Let p > 3 be a prime, x ∈ Zp, x 6≡ 0,−1 (mod p) and x
′ = (x−〈x〉p)/p.
Then
p−1∑
n=0
Gn(x) ≡ p
2x
′(x′ + 1) + 1− (−1)〈x〉p
x(x+ 1)
(mod p3).
Hence,
p−1∑
n=0
G
(3)
n
27n
≡
{
p2 (mod p3) if p ≡ 1 (mod 3),
−8p2 (mod p3) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(4)
n
64n
≡
{
p2 (mod p3) if p ≡ 1, 3 (mod 8),
−
29
3
p2 (mod p3) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
G
(6)
n
432n
≡
{
p2 (mod p3) if p ≡ 1 (mod 4),
−
67
5
p2 (mod p3) if p ≡ 3 (mod 4).
Proof. Using (2.2),
p−1∑
n=0
Gn(x) =
p−1∑
n=0
n∑
k=0
(
n
k
)
(−1)k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
p−1∑
n=k
(
n
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(
p
k + 1
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
p
k + 1
(
p− 1
k
)
.
Since
(p−1
k
)
(−1)k ≡ 1− pHk (mod p
2) and Hp−1 ≡ 0 (mod p
2), we see that
p−1∑
k=0
Gk(x) ≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p
k + 1
− p2
p−2∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 1
(mod p3).
By [S8, Lemma 2.4] and [S12, Lemma 2.2],
(3.2)
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p
k + 1
=
(
x− 1
p− 1
)(
−2− x
p− 1
)
=
p+ x
x+ 1
(
x− 1
p− 1
)(
−x− 1
p− 1
)
≡
p+ x
x+ 1
·
p2x′(x′ + 1)
x2
≡ p2
x′(x′ + 1)
x(x+ 1)
(mod p3).
Using the symbolic summation package Sigma, Liu and Ni [LN] found the identity
(3.3)
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
Hk
k + 1
=
(−1)n − 1
n(n+ 1)
.
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Hence
p−2∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 1
=
p−2∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
Hk
k + 1
≡
p−2∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
Hk
k + 1
=
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
Hk
k + 1
=
(−1)〈x〉p − 1
〈x〉p(〈x〉p + 1)
≡
(−1)〈x〉p − 1
x(x+ 1)
(mod p).
Therefore,
p−1∑
k=0
Gk(x) ≡ p
2x
′(x′ + 1)
x(x+ 1)
− p2
(−1)〈x〉p − 1
x(x+ 1)
(mod p3).
For m = 3, 4, 6 we see that (−1)〈−
1
m
〉p = (−1)[
p
m
]. Recall that
G
(3)
k
27k
= Gk
(
−
1
3
)
,
G
(4)
k
64k
= Gk
(
−
1
4
)
,
G
(6)
k
432k
= Gk
(
−
1
6
)
.
Now, taking x = −13 ,−
1
4 ,−
1
6 in the above congruence for
∑p−1
k=0Gk(x) (mod p
3) yields
the remaining part.
Remark 3.1 Let p be an odd prime. In [S20], the author conjectued that
p−1∑
n=0
Gn
16n
≡ (4(−1)
p−1
2 − 3)p2 (mod p3),
which was solved by Liu and Ni in [LN]. This congruence is an easy consequence of
Theorem 3.2 (with x = −12).
Theorem 3.3. Let p > 3 be a prime, x ∈ Zp, 2 ≤ 〈x〉p ≤ p− 3 and x
′ = (x− 〈x〉p)/p.
Then
p−1∑
n=0
nGn(x) ≡


p2
x′(x′ + 1)(1 − x(x+ 1))− x(x+ 1)
(x− 1)x(x + 1)(x+ 2)
(mod p3) if 2 | 〈x〉p,
p2
x′(x′ + 1)(1 − x(x+ 1))− (x− 1)(x + 2)
(x− 1)x(x+ 1)(x+ 2)
(mod p3) if 2 ∤ 〈x〉p.
Hence,
p−1∑
n=0
nGn
16n
≡


−
1
9
p2 (mod p3) if p ≡ 1 (mod 4),
31
9
p2 (mod p3) if p ≡ 3 (mod 4),
p−1∑
n=0
nG
(3)
n
27n
≡


−
1
10
p2 (mod p3) if p ≡ 1 (mod 3),
79
20
p2 (mod p3) if p ≡ 2 (mod 3),
12
p−1∑
n=0
nG
(4)
n
64n
≡


−
3
35
p2 (mod p3) if p ≡ 1, 3 (mod 8),
503
105
p2 (mod p3) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
nG
(6)
n
432n
≡


−
5
77
p2 (mod p3) if p ≡ 1 (mod 4),
2567
385
p2 (mod p3) if p ≡ 3 (mod 4).
Proof. By the definition of Gn(x) and (2.3),
p−1∑
n=0
nGn(x) =
p−1∑
n=0
n
n∑
k=0
(
n
k
)
(−1)k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
p−1∑
n=k
n
(
n
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(p2 + p
k + 2
−
p
k + 1
)(p− 1
k
)
.
For k = p−2 or p−1, we have
(x
k
)
≡
(〈x〉p
k
)
= 0 (mod p). Thus,
(x
k
)(−1−x
k
)
1
k+1 ,
(x
k
)(−1−x
k
)
1
k+2 ∈
Zp for k = 0, 1, . . . , p− 1. Since
(
p−1
k
)
(−1)k ≡ 1− pHk (mod p
2), we then have
p−1∑
n=0
nGn(x) ≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)(p2 + p
k + 2
−
p
k + 1
)
(1− pHk)
≡ (p2 + p)
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
k + 2
− p
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
k + 1
+ p2
p−1∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 1
− p2
p−1∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 2
(mod p3).
By [S19, Theorem 2.1],
(3.4)
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
k + 2
≡
−px′(x′ + 1)
4
(〈x〉p
2
)(p−1−〈x〉p
2
) ≡ − px′(x′ + 1)
(x− 1)x(x+ 1)(x + 2)
(mod p2).
By the proof of Theorem 3.2,
p
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
k + 1
≡ p2
x′(x′ + 1)
x(x+ 1)
(mod p3),
p−1∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 1
≡
(−1)〈x〉p − 1
x(x+ 1)
(mod p).
Using summation package Sigma in Mathematica one can find and prove that for n ≥ 2,
(3.5)
n∑
k=1
(
n
k
)(
n+ k
k
)
(−1)k
Hk
k + 2
=


1
(n− 1)(n + 2)
if n is even,
−
1
n(n+ 1)
if n is odd.
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Hence,
p−1∑
k=0
(
x
k
)(
−1− x
k
)
Hk
k + 2
=
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
Hk
k + 2
≡
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
Hk
k + 2
=


1
(〈x〉p − 1)(〈x〉p + 2)
≡
1
(x− 1)(x + 2)
(mod p) if 〈x〉p is even,
−
1
〈x〉p(〈x〉p + 1)
≡ −
1
x(x+ 1)
(mod p) if 〈x〉p is odd.
If 〈x〉p is even, combining the above gives
p−1∑
n=0
nGn(x) ≡ −(p
2 + p)
px′(x′ + 1)
(x− 1)x(x + 1)(x + 2)
− p2
x′(x′ + 1)
x(x+ 1)
− p2
1
(x− 1)(x+ 2)
≡ p2
x′(x′ + 1)(1− x(x+ 1)) + x(x+ 1)
(x− 1)x(x + 1)(x+ 2)
(mod p3).
If 〈x〉p is odd, from the above we deduce that
p−1∑
n=0
nGn(x) ≡ −(p
2 + p)
px′(x′ + 1)
(x− 1)x(x + 1)(x+ 2)
− p2
x′(x′ + 1)
x(x+ 1)
−
2p2
x(x+ 1)
+
p2
x(x+ 1)
≡ p2
x′(x′ + 1)(1− x(x+ 1))− (x− 1)(x + 2)
(x− 1)x(x+ 1)(x + 2)
(mod p3).
Taking x = −12 ,−
1
3 ,−
1
4 ,−
1
6 in the above congruences yields the remaining results.
Theorem 3.4. Let p > 3 be a prime, x ∈ Zp and x
′ = (x− 〈x〉p)/p. Then
Gp−1(x) ≡ (−1)
〈x〉p
(
1− 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
)2)
+ p2(x′(x′ + 1) + 1)Ep−3(−x) (mod p
3).
Hence
G
(3)
p−1 ≡ (−1)
[ p
3
]729p−1 + 7p2Up−3 (mod p
3),
G
(6)
p−1 ≡ (−1)
p−1
2 186624p−1 +
155
9
p2Ep−3 (mod p
3),
G
(4)
p−1 ≡ (−1)
[ p
4
]4096p−1 + 13p2sp−3 (mod p
3),
where {sn} is given by s0 = 1 and sn = 1−
∑n−1
k=0
(n
k
)
22n−1−2ksk (n ≥ 1).
Proof. By [S2, Lemma 2.9], for k = 1, 2, . . . , p− 1,(
p− 1
k
)
(−1)k ≡ 1− pHk +
p2
2
(
H2k −H
(2)
k
)
(mod p3).
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Since
(−1−x
k
)
= (−1)k
(x+k
k
)
, we see that
Gp−1(x) =
p−1∑
k=0
(
p− 1
k
)
(−1)k
(
x
k
)(
−1− x
k
)
≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)
− p
p−1∑
k=1
(
x
k
)(
−1− x
k
)
Hk
+
p2
2
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
(
H2k −H
(2)
k
)
(mod p3).
By (2.13),
p−1∑
k=0
(
x
k
)(
−1− x
k
)
≡ (−1)〈x〉p + p2x′(x′ + 1)Ep−3(−x) (mod p
3).
It is well known that
∑n
r=1
(
n
r
)
(−1)r 1r = −Hn. Thus, appealing to (2.7) and (2.17),
−(−1)〈x〉p
p−1∑
k=1
(
x
k
)(
−1− x
k
)
Hk ≡
p−1∑
k=1
(
x
k
)(
−1− x
k
)
1
k
≡ −2H〈x〉p + 2px
′H
(2)
〈x〉p
≡ −2
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
(mod p2).
By [T2],
(3.6)
n∑
k=1
(
n
k
)(
n+ k
k
)
(−1)kH
(2)
k = −2(−1)
n
n∑
k=1
(−1)k
k2
.
By [LN],
(3.7)
n∑
k=1
(
n
k
)(
n+ k
k
)
(−1)kH2k = 4(−1)
nH2n + 2(−1)
n
n∑
k=1
(−1)k
k2
.
Thus,
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
(
H2k −H
(2)
k
)
≡
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
(
H2k −H
(2)
k
)
= 4(−1)〈x〉p
(
H2〈x〉p +
〈x〉p∑
k=1
(−1)k
k2
)
(mod p).
By (2.12),
〈x〉p∑
k=1
(−1)k
k2
≡
1
2
(−1)〈x〉pEp−3(−x) (mod p).
Hence
Gp−1(x) ≡ (−1)
〈x〉p + p2x′(x′ + 1)Ep−3(−x)− p(−1)
〈x〉p2
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
15
+
p2
2
· 4(−1)〈x〉p
((Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
)2
+
1
2
(−1)〈x〉pEp−3(−x)
)
(mod p3).
This yields the result for Gp−1(x) (mod p
3). For m = 3, 4, 6 we see that (−1)〈−
1
m
〉p =
(−1)[
p
m
]. Now, taking x = −13 ,−
1
4 ,−
1
6 in the congruence for Gp−1(x) (mod p
3) and
applying (2.20)-(2.22) and (2.14)-(2.15) we deduce that
G
(3)
p−1 = 27
p−1Gp−1
(
−
1
3
)
≡ 27p−1(−1)[
p
3
]
(
1− 2p
(
−
3
2
qp(3) +
3
4
pqp(3)
2
)
+ 2p2
(
−
3
2
qp(3)
)2)
+ p2
(
−
1
3
·
2
3
+ 1
)
· 9Up−3
≡ (−1)[
p
3
]27p−1(1 + pqp(3))
3 + 7p2Up−3 = (−1)
[ p
3
]729p−1 + 7p2Up−3 (mod p
3),
G
(4)
p−1 = 64
p−1Gp−1
(
−
1
4
)
≡ 64p−1(−1)[
p
4
]
(
1− 2p
(
− 3qp(2) +
3
2
pqp(2)
2
)
+ 2p2(−3qp(2))
2
)
+ p2
(
−
1
4
·
3
4
+ 1
)
· 16sp−3
≡ (−1)[
p
4
]64p−1(1 + pqp(2))
6 + 13p2sp−3 = (−1)
[ p
4
]4096p−1 + 13p2sp−3 (mod p
3),
G
(6)
p−1 = 432
p−1Gp−1
(
−
1
6
)
≡ 432p−1(−1)[
p
6
]
(
1− 2p
(
− 2qp(2)−
3
2
qp(3) + p
(
qp(2)
2 +
3
4
qp(3)
2
))
+ 2p2
(
2qp(2) +
3
2
qp(3)
)2)
+ p2
(
−
1
6
·
5
6
+ 1
)
· 20Ep−3
≡ (−1)
p−1
2 16p−1(1 + pqp(2))
4 · 27p−1(1 + pqp(3))
3 +
155
9
p2Ep−3
= (−1)
p−1
2 186624p−1 +
155
9
p2Ep−3 (mod p
3).
This proves the theorem.
Remark 3.2 In [S20], the author conjectured that for any prime p > 3,
Gp−1 ≡ (−1)
p−1
2 256p−1 + 3p2Ep−3 (mod p
3).
This was solved by Liu and Ni [LN], and can be easily deduced from Theorem 3.4 (with
x = −12).
Theorem 3.5. Let p be an odd prime, x ∈ Zp and x 6≡ 0 (mod p). Then
Gp(x) ≡ 1−
(
x
p
)(
−1− x
p
)
+ 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
)2
+ p2(−1)〈x〉pEp−3(−x) (mod p
3).
Hence
Gp ≡ 12 + 64(−1)
p−1
2 p2Ep−3 (mod p
3),
G(3)p ≡ 21 + 243(−1)
[ p
3
]p2Up−3 (mod p
3),
G(4)p ≡ 52 + 1024(−1)
[ p
4
]p2sp−3 (mod p
3),
16
G(6)p ≡ 372 + 8640(−1)
p−1
2 p2Ep−3 (mod p
3),
where {sn} is given by (2.16).
Proof. Since
(
p−1
k
)
(−1)k ≡ 1− pHk (mod p
2),
Gp(x) =
p∑
k=0
(
p
k
)
(−1)k
(
x
k
)(
−1− x
k
)
= 1−
(
x
p
)(
−1− x
p
)
−
p−1∑
k=1
p
k
(
p− 1
k − 1
)
(−1)k−1
(
x
k
)(
−1− x
k
)
≡ 1−
(
x
p
)(
−1− x
p
)
− p
p−1∑
k=1
(x
k
)(−1−x
k
)
k
(1− pHk−1)
= 1−
(
x
p
)(
−1− x
p
)
− p
p−1∑
k=1
(x
k
)(−1−x
k
)
k
+ p2
p−1∑
k=1
(
x
k
)(
−1− x
k
)(Hk
k
−
1
k2
)
(mod p3).
By [T1],
p−1∑
k=1
(x
k
)(−1−x
k
)
k2
≡ −
1
2
( p−1∑
k=1
(x
k
)(−1−x
k
)
k
)2
(mod p).
By [S10, Theorem 2.1],
p−1∑
k=1
(x
k
)(−1−x
k
)
k
≡ −2
Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
(mod p2).
Using the summation package Sigma in Mathematica, one can find and prove the identity
(3.8)
n∑
k=1
(
n
k
)(
n+ k
k
)
(−1)k
k
Hk = 2
n∑
k=1
(−1)k
k2
.
Thus, appealing to (2.12),
p−1∑
k=1
(
x
k
)(
−1− x
k
)
Hk
k
=
p−1∑
k=1
(
x
k
)(
x+ k
k
)
(−1)k
Hk
k
≡
〈x〉p∑
k=1
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
Hk
k
= 2
〈x〉p∑
k=1
(−1)k
k2
≡ (−1)〈x〉pEp−3(−x) (mod p).
Now, combining the above gives
Gp(x) ≡ 1−
(
x
p
)(
−1− x
p
)
+ 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
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+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
)2
+ p2(−1)〈x〉pEp−3(−x) (mod p
3).
Hence, taking x = −12 ,−
1
3 ,−
1
4 ,−
1
6 in the above congruence for Gp(x) (mod p
3) and then
applying (2.20)-(2.22), (2.14-2.15) and (2.9) yields
G(2)p = 16
pGp
(
−
1
2
)
≡ 16p
(
1−
(
−1/2
p
)2
+ 2p
(
− 2qp(2) + pqp(2)
2
)
+ 2p2(−2qp(2))
2 + p2(−1)
p−1
2 Ep−3
(1
2
))
= 16p
(
1−
(
2p
p
)2
16−p − 4pqp(2) + 10p
2qp(2)
2 + p2(−1)
p−1
2 · 4Ep−3
)
≡ −4 + 16(1 + pqp(2))
4(1− 4pqp(2) + 10p
2qp(2)
2) + 16p · 4(−1)
p−1
2 p2Ep−3
≡ 12 + 64(−1)
p−1
2 p2Ep−3 (mod p
3),
G(3)p = 27
pGp
(
−
1
3
)
≡ 27p
(
1−
(
−1/3
p
)(
−2/3
p
)
+ 2p
(
−
3
2
qp(3) +
3
4
pqp(3)
2
)
+ 2p2
(
−
3
2
qp(3)
)2
+ p2(−1)[
p
3
]Ep−3
(1
3
))
≡ 27p
(
1−
(
2p
p
)(
3p
p
)
27−p − 3pqp(3) + 6p
2qp(3)
2 + 9(−1)[
p
3
]p2Up−3
)
≡ −
(
2
1
)(
3
1
)
+ 27(1 + pqp(3))
3(1− 3pqp(3) + 6p
2qp(3)
2) + 27p · 9(−1)[
p
3
]p2Up−3
≡ −6 + 27(1 + 3pqp(3) + 3p
2qp(3)
2)(1− 3pqp(3) + 6p
2qp(3)
2) + 243(−1)[
p
3
]p2Up−3
≡ 21 + 243(−1)[
p
3
]p2Up−3 (mod p
3),
G(4)p = 64
pGp
(
−
1
4
)
≡ 64p
(
1−
(
−1/4
p
)(
−3/4
p
)
+ 2p
(
− 3qp(2) +
3
2
pqp(2)
2
)
+ 2p2(−3qp(2))
2 + p2(−1)[
p
4
]Ep−3
(1
4
))
≡ −
(
2p
p
)(
4p
2p
)
+ 64(1 + pqp(2))
6(1− 6pqp(2) + 21p
2qp(2)
2) + 64p · 16(−1)[
p
4
]p2sp−3
≡ −
(
2
1
)(
4
2
)
+ 64(1 + 6pqp(2) + 15p
2qp(2)
2)(1 − 6pqp(2) + 21p
2qp(2)
2)
+ 1024(−1)[
p
4
]p2sp−3
≡ 52 + 1024(−1)[
p
4
]p2sp−3 (mod p
3)
and
G(6)p = 432
pGp
(
−
1
6
)
≡ 432p
(
1−
(
−1/6
p
)(
−5/6
p
)
+ 2p
(
− 2qp(2)−
3
2
qp(3)
+ p
(
qp(2)
2 +
3
4
qp(3)
2
))
+ 2p2
(
− 2qp(2)−
3
2
qp(3)
)2
+ p2(−1)[
p
6
]Ep−3
(1
6
))
≡ 432p
(
1−
(
3p
p
)(
6p
3p
)
432−p − p(4qp(2) + 3qp(3))
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+ p2(10qp(2)
2 + 6qp(3)
2 + 12qp(2)qp(3))
)
+ 432p · 20(−1)
p−1
2 p2Ep−3
≡ −
(
3
1
)(
6
3
)
+ 432(1 + pqp(2))
4(1 + pqp(3))
3
(
1− p(4qp(2) + 3qp(3))
+ p2(10qp(2)
2 + 6qp(3)
2 + 12qp(2)qp(3))
)
+ 432 · 20(−1)
p−1
2 p2Ep−3
≡ −60 + 432(1 + 4pqp(2) + 6p
2qp(2)
2)(1 + 3pqp(3) + 3p
2qp(3)
2)
×
(
1− p(4qp(2) + 3qp(3)) + p
2(10qp(2)
2 + 6qp(3)
2 + 12qp(2)qp(3))
)
+ 8640(−1)
p−1
2 p2Ep−3
≡ 372 + 8640(−1)
p−1
2 p2Ep−3 (mod p
3).
This completes the proof.
Theorem 3.6. Let p be an odd prime, x ∈ Zp and x 6≡ 0 (mod p). Then
Gp−1
2
(x) ≡


(
〈x〉p
〈x〉p/2
)2 1
4〈x〉p
(mod p) if 〈x〉p is even,
0 (mod p) if 〈x〉p is odd.
Moreover,
Gp−1
2
(x) ≡


(p−1)/2∑
k=0
(
x
k
)(
−1− x
k
)(2k
k
)
4k
(mod p2) if 〈x〉p is even,
−
〈x〉p∑
k=(p+1)/2
(
〈x〉p
k
)(
〈x〉p + k
k
) (2k
k
)
(−4)k
−p
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
) (2k
k
)
(−4)k
Hk (mod p
2) if 〈x〉p is odd.
Hence,
G
(3)
p−1
2
≡
{
27
p−1
2 (4x2 − 2p) (mod p2) if p ≡ 1 (mod 3) and so p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3),
G
(4)
p−1
2
≡
{
8p−1 · 4x2 − 2p (mod p2) if p ≡ 1, 3 (mod 8) and so p = x2 + 2y2,
0 (mod p) if p ≡ 5, 7 (mod 8),
G
(6)
p−1
2
≡
{
432
p−1
2
(p
3
)
· 4x2 − 2p (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p) if p ≡ 3 (mod 4).
Proof. By [S3, Lemma 2.4], for k = 1, 2, . . . , p−12 ,(p−1
2
k
)
(−1)k ≡
(2k
k
)
4k
(
1− p
k∑
i=1
1
2i− 1
)
=
(2k
k
)
4k
(
1− p
(
H2k −
1
2
Hk
))
(mod p2).
Thus,
Gp−1
2
(x) =
(p−1)/2∑
k=0
(p−1
2
k
)
(−1)k
(
x
k
)(
−1− x
k
)
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≡(p−1)/2∑
k=0
(
2k
k
)
4k
(
x
k
)(
−1− x
k
)
− p
(p−1)/2∑
k=0
(
2k
k
)
4k
(
x
k
)(
−1− x
k
)(
H2k −
1
2
Hk
)
≡
(p−1)/2∑
k=0
(2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)
− p
p−1∑
k=0
(2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)(
H2k −
1
2
Hk
)
(mod p2).
Using summation package Sigma one can find and prove
(3.9)
n∑
k=0
(
2k
k
)
(−4)k
(
n
k
)(
n+ k
k
)(
H2k −
2− (−1)n
2
Hk
)
= 0.
When n is even, this identity has been given by Tauraso [T2]. Thus,
p−1∑
k=0
(
2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)(
H2k −
1
2
Hk
)
≡
〈x〉p∑
k=0
(
2k
k
)
(−4)k
(
〈x〉p
k
)(
〈x〉p + k
k
)(
H2k −
1
2
Hk
)
=


0 (mod p) if 〈x〉p is even,
〈x〉p∑
k=0
(
2k
k
)
(−4)k
(
〈x〉p
k
)(
〈x〉p + k
k
)
Hk (mod p) if 〈x〉p is odd.
When 〈x〉p is odd, from [S8, Theorem 2.5],
p−1∑
k=0
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
≡ 0 (mod p2).
For p2 < k < p we have p |
(2k
k
)
. Thus, for 〈x〉p <
p
2 ,
(p−1)/2∑
k=0
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
≡
p−1∑
k=0
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
≡ 0 (mod p2).
If 〈x〉p is odd and 〈x〉p >
p
2 , then
(p−1)/2∑
k=0
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
−
p−1∑
k=(p+1)/2
(2k
k
)
4k
(
x
k
)(
−1− x
k
)
≡ −
p−1∑
k=(p+1)/2
(2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)
≡ −
p−1∑
k=(p+1)/2
(2k
k
)
(−4)k
(
〈x〉p
k
)(
〈x〉p + k
k
)
(mod p2).
Combining the above gives the congruence for Gp−1
2
(x) (mod p2). By [G,(6.35)], we have
the following identity due to Bell:
(3.10)
n∑
k=0
(
n
k
)(
n+ k
k
) (2k
k
)
(−4)k
=


(
n
n/2
)2 1
4n
if n is even,
0 if n is odd.
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Hence, from the above,
Gp−1
2
(x) ≡
(p−1)/2∑
k=0
(2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)
≡
p−1∑
k=0
(2k
k
)
(−4)k
(
x
k
)(
x+ k
k
)
≡
〈x〉p∑
k=0
(2k
k
)
(−4)k
(
〈x〉p
k
)(
〈x〉p + k
k
)
=


(
〈x〉p
〈x〉p/2
)2 1
4〈x〉p
(mod p) if 〈x〉p is even,
0 (mod p) if 〈x〉p is odd.
From [M] or [Su3] we know that
p−1∑
k=0
(
2k
k
)2(3k
k
)
108k
≡
{
4x2 − 2p (mod p2) if p ≡ 1 (mod 3) and so p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
k=0
(
2k
k
)2(4k
2k
)
256k
≡
{
4x2 − 2p (mod p2) if p ≡ 1, 3 (mod 8) and so p = x2 + 2y2,
0 (mod p) if p ≡ 5, 7 (mod 8),
p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
1728k
≡
{(p
3
)
(4x2 − 2p) (mod p2) if p ≡ 1 (mod 4) and so p = x2 + 4y2,
0 (mod p) if p ≡ 3 (mod 4).
Taking x = −13 ,−
1
4 ,−
1
6 in the congruence for Gp−1
2
(x) (mod p2) yields the congruences
for G
(3)
p−1
2
, G
(4)
p−1
2
and G
(6)
p−1
2
.
Remark 3.3 In [S20], the author proved that for any prime p > 3,
Gp−1
2
≡
{
4px2 − 2p (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p2) if p ≡ 3 (mod 4).
Theorem 3.7. Let p > 3 be a prime and m,x ∈ Zp. Then
p−1∑
k=0
Gk(x)
mk
≡
p−1∑
k=0
(x
k
)(−1−x
k
)
(1−m)k
(mod p) for m 6≡ 0, 1 (mod p),
p−1∑
k=0
(
2k
k
)
Gk(x)
(m+ 2)k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)(x
k
)(−1−x
k
)
(2−m)k
(mod p) for m 6≡ ±2 (mod p).
Hence
p−1∑
k=0
G
(3)
k
mk
≡
p−1∑
k=0
(2k
k
)(3k
k
)
(27 −m)k
(mod p) for m 6≡ 0, 27 (mod p),
p−1∑
k=0
G
(4)
k
mk
≡
p−1∑
k=0
(2k
k
)(4k
2k
)
(64 −m)k
(mod p) for m 6≡ 0, 64 (mod p),
21
p−1∑
k=0
G
(6)
k
mk
≡
p−1∑
k=0
(3k
k
)(6k
3k
)
(432 −m)k
(mod p) for m 6≡ 0, 432 (mod p),
p−1∑
k=0
(
2k
k
)
G
(3)
k
mk
≡
(m(m− 108)
p
) p−1∑
k=0
(
2k
k
)2(3k
k
)
(108 −m)k
(mod p) for m 6≡ 0, 108 (mod p),
p−1∑
k=0
(
2k
k
)
G
(4)
k
mk
≡
(m(m− 256)
p
) p−1∑
k=0
(
2k
k
)2(4k
2k
)
(256 −m)k
(mod p) for m 6≡ 0, 256 (mod p),
p−1∑
k=0
(
2k
k
)
G
(4)
k
mk
≡
(m(m− 1728)
p
) p−1∑
k=0
(
2k
k
)(
3k
k
)(
6k
3k
)
(1728 −m)k
(mod p) for m 6≡ 0, 1728 (mod p).
Proof. Taking uk = (−1)
k
(x
k
)(−1−x
k
)
in Lemma 2.1 yields the congruence for
∑p−1
k=0
Gk(x)
mk
(mod p). Taking x = −13 ,−
1
4 ,−
1
6 and then replacing m with
m
27 ,
m
64 ,
m
432 yields the con-
gruences for
∑p−1
k=0
G
(r)
k
mk
(mod p) (r = 3, 4, 6).
Note that p |
(2k
k
)
for p2 < k < p. Taking uk = (−1)
k
(x
k
)(−1−x
k
)
in Lemma 2.2 yields the
congruence for
∑p−1
k=0
(2k
k
) Gk(x)
(m+2)k
(mod p). Taking x = −13 ,−
1
4 ,−
1
6 and then replacing m
with m27 − 2,
m
64 − 2,
m
432 − 2 yields the congruences for
∑p−1
k=0
(
2k
k
)G(r)
k
mk
(mod p) (r = 3, 4, 6).
Thus, the theorem is proved.
Theorem 3.8. Let p > 3 be a prime. Then
p−1∑
n=0
G
(3)
n
(−27)n
≡
{
2x (mod p) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(3)
n
3n
≡
{
−L (mod p) if 3 | p− 1, 4p = L2 + 27M2 and 3 | L− 1,
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(3)
n
243n
≡
{
−L (mod p2) if 3 | p− 1, 4p = L2 + 27M2 and 3 | L− 1,
0 (mod p) if p ≡ 2 (mod 3).
Proof. By Theorem 3.7,
p−1∑
k=0
G
(3)
k
mk
≡
p−1∑
k=0
(2k
k
)(3k
k
)
(27−m)k
(mod p).
Now, taking m = −27, 3, 243 and then applying [S8, Theorem 3.4] and [S6, Theorem 3.2]
yields the result.
Theorem 3.9. Let p > 3 be a prime. Then
(−3
p
) p−1∑
n=0
G(4)n ≡
(6
p
) p−1∑
n=0
G
(4)
n
4096n
≡
{
2x (mod p) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7) and (
x
7
) = 1,
0 (mod p) if p ≡ 3, 5, 6 (mod 7),(6
p
) p−1∑
n=0
G
(4)
n
(−8)n
≡
(3
p
) p−1∑
n=0
G
(4)
n
(−512)n
22
≡{
2x (mod p) if p = x2 + 4y2 ≡ 1 (mod 4) and 4 | x− 1,
0 (mod p) if p ≡ 3 (mod 4),
p−1∑
n=0
G
(4)
n
16n
≡
(−2
p
) p−1∑
n=0
G
(4)
n
256n
≡
{
2x (mod p) if p = x2 + 3y2 ≡ 1 (mod 3) and 3 | x− 1,
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(4)
n
(−64)n
≡
{
(−1)[
p
8
]+ p−1
2 2x (mod p) if p = x2 + 2y2 ≡ 1, 3 (mod 8) and 4 | x− 1,
0 (mod p) if p ≡ 5, 7 (mod 8).
Proof. From Theorem 3.7,
p−1∑
k=0
G
(4)
k
mk
≡
p−1∑
k=0
(
2k
k
)(
4k
2k
)
(64−m)k
(mod p).
Now taking m = 1, 4096,−8,−512, 16, 256,−64 and then applying [S5, Theorems 2.2-2.4
and 4.3] yields the result.
Based on calculations with Maple, we pose the following conjectures.
Conjecture 3.1. Let p > 3 be a prime. Then
p−1∑
n=0
G
(3)
n
(−27)n
≡


2x−
p
2x
(mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
−
3
2
p
(p−1
2
p−5
6
)−1
(mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(3)
n
3n
≡


−L+
p
L
(mod p2) if 3 | p− 1, 4p = L2 + 27M2 and 3 | L− 1,
−
4
3
p
(p− 2
3
!
)3
(mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(3)
n
243n
≡
{
−L+
p
L
(mod p2) if 3 | p− 1, 4p = L2 + 27M2 and 3 | L− 1,
0 (mod p2) if p ≡ 2 (mod 3).
Conjecture 3.2. Let p > 3 be a prime. Then
(p
3
) p−1∑
n=0
G(4)n ≡
21(p7 )− 19
2
(6
p
) p−1∑
n=0
G
(4)
n
4096n
≡


2x−
p
2x
(mod p2) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7) with
(x
7
)
= 1,
−
5p(3[p/7]
[p/7]
) (mod p2) if p ≡ 3 (mod 7),
15p
4
(3[p/7]
[p/7]
) (mod p2) if p ≡ 5 (mod 7),
−
25p
22
(3[p/7]
[p/7]
) (mod p2) if p ≡ 6 (mod 7),
23
(6
p
) p−1∑
n=0
G
(4)
n
(−8)n
≡
(
3− 2(−1)
p−1
2
)(3
p
) p−1∑
n=0
G
(4)
n
(−512)n
≡


2x−
p
2x
(mod p2) if p = x2 + 4y2 ≡ 1 (mod 4) with 4 | x− 1,
5p
2
(p−3
2
p−3
4
)−1
(mod p2) if p ≡ 3 (mod 4),
p−1∑
n=0
G
(4)
n
16n
≡
(
4− 3
(−3
p
))(−2
p
) p−1∑
n=0
G
(4)
n
256n
≡


2x−
p
2x
(mod p2) if p = x2 + 3y2 ≡ 1 (mod 3) with 3 | x− 1,
−
7
2
p
(p−1
2
p−5
6
)−1
(mod p2) if p ≡ 2 (mod 3),
p−1∑
n=0
G
(4)
n
(−64)n
≡


(−1)[
p
8
]+ p−1
2 (2x−
p
2x
) (mod p2)
if p = x2 + 2y2 ≡ 1, 3 (mod 8) with 4 | x− 1,
−
4
2− (−1)
p−1
2
p
(p−1
2
[p8 ]
)−1
(mod p2) if p ≡ 5, 7 (mod 8).
Conjecture 3.3. Let p be a prime with p ≡ 1 (mod 3). Then
p−1∑
n=1
nG
(3)
n
243n
≡ 0 (mod p2).
Conjecture 3.4. Let p > 3 be a prime, m ∈ {−3267,−1350,−108, 44, 100, 135,
300, 1836, 8748, 110700, 27000108} and p ∤ m(108 −m). Then
p−1∑
k=0
(
2k
k
)
G
(3)
k
mk
≡
(m(m− 108)
p
) p−1∑
k=0
(2k
k
)2(3k
k
)
(108 −m)k
(mod p2).
Conjecture 3.5. Let p > 3 be a prime, m ∈ {−24591257600,−2508800,−614400,
−20480,−2048,−392, 175, 400, 1280, 4225, 12544, 83200, 6635776, 199148800} and p ∤ m(256−
m). Then
p−1∑
k=0
(
2k
k
)
G
(4)
k
mk
≡
(m(m− 256)
p
) p−1∑
k=0
(
2k
k
)2(4k
2k
)
(256 −m)k
(mod p2).
Conjecture 3.6. Let p > 3 be a prime, m ∈ {−16579647,−285768,−52272,−6272,
5103, 34496, 886464, 12289728, 884737728, 147197953728, 262537412640769728} and p ∤ m
(1728 −m). Then
p−1∑
k=0
(
2k
k
)
G
(6)
k
mk
≡
(m(m− 1728)
p
) p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(1728 −m)k
(mod p2).
Remark 3.4 Let p be a prime with p > 3. For the values of m in Conjectures 3.4-3.6,
the congruences for
p−1∑
k=0
(2k
k
)2(3k
k
)
(108 −m)k
,
p−1∑
k=0
(2k
k
)2(4k
2k
)
(256−m)k
,
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(1728 −m)k
(mod p2)
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were conjectured by Z.W. Sun in [Su1,Su4] and the author in [S3], and partially solved
by the author in [S5-S7].
Conjecture 3.7. Let p be an odd prime and m, r ∈ Z+. Then
G
(3)
mpr ≡ G
(3)
mpr−1
(mod p2r), G
(4)
mpr ≡ G
(4)
mpr−1
(mod p2r), G
(6)
mpr ≡ G
(6)
mpr−1
(mod p2r).
Conjecture 3.8. Suppose that p is an odd prime, m ∈ {1, 3, 5, . . .} and r ∈ {2, 3, 4, . . .}.
Then
G
(3)
mpr−1
2
≡ p2G
(3)
mpr−2−1
2
(mod p2r−1) for p ≡ 2 (mod 3),
G
(4)
mpr−1
2
≡ p2G
(4)
mpr−2−1
2
(mod p2r−1) for p ≡ 5, 7 (mod 8),
G
(6)
mpr−1
2
≡ p2G
(6)
mpr−2−1
2
(mod p2r−1) for p ≡ 3 (mod 4).
Conjecture 3.9. Suppose that p is an odd prime, m ∈ {1, 3, 5, . . .} and r ∈ {2, 3, 4, . . .}.
Then
G
(3)
mpr−1
2
≡ (−1)
p−1
2 (4x2 − 2p)G
(3)
mpr−1−1
2
− p2G
(3)
mpr−2−1
2
(mod pr)
for p = x2 + 3y2 ≡ 1 (mod 3),
G
(4)
mpr−1
2
≡ (4x2 − 2p)G
(4)
mpr−1−1
2
− p2G
(4)
mpr−2−1
2
(mod pr) for p = x2 + 2y2 ≡ 1, 3 (mod 8),
G
(6)
mpr−1
2
≡ (4x2 − 2p)G
(6)
mpr−1−1
2
− p2G
(6)
mpr−2−1
2
(mod pr) for p = x2 + 4y2 ≡ 1 (mod 4).
Conjecture 3.10. Let p be a prime with p > 3. Then
G2p ≡ G2 + 3072(−1)
p−1
2 p2Ep−3 (mod p
3),
G3p ≡ G3 + 94464(−1)
p−1
2 p2Ep−3 (mod p
3),
G
(3)
2p ≡ G
(3)
2 + 20412(−1)
[ p
3
]p2Up−3 (mod p
3),
G2p−1 ≡ (−1)
p−1
2 164(p−1)G1 + 164p
2Ep−3 (mod p
3),
G
(3)
2p−1 ≡ (−1)
[ p
3
]274(p−1)G
(3)
1 + 660p
2Up−3 (mod p
3),
G
(6)
2p−1 ≡ (−1)
p−1
2 4324(p−1)G
(6)
1 +
82580
3
p2Ep−3 (mod p
3).
Conjecture 3.11. Suppose n ∈ Z+. If x ∈ (−1, 0), then Gn(x)
2 < Gn+1(x)Gn−1(x).
If x 6∈ [−1, 0], then Gn(x)
2 > Gn+1(x)Gn−1(x).
4. Congruences for Vn(x)
Recall that
Vn(x) =
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
.
Using sumtools in Maple we find that
(4.1)
(n+ 1)3mn+1Vn+1(x) = (2n+ 1)(mn(n + 1) +m(2x
2 + 2x+ 1))mnVn(x)
−m2n3mn−1Vn−1(x) (n ≥ 1).
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Thus, mnVn(x) is an Ape´ry-like sequence of the first kind with a = m, b = m(2x
2+2x+1)
and c = m2.
Theorem 4.1. For n = 0, 1, 2, . . . we have
Vn(x) =
n∑
k=0
(
x
k
)2(−1− x
n− k
)2
=
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)n−kGk(x).
Proof. Set V ′n(x) =
∑n
k=0
(x
k
)2(−1−x
n−k
)2
. Then V ′0(x) = 1 = V0(x) and V
′
1(x) = x
2 +
(x+ 1)2 = V1(x). Using sumtools in Maple we find that
(n+ 1)3V ′n+1(x) = (2n + 1)(n(n + 1) + 2x
2 + 2x+ 1)V ′n(x)− n
3V ′n−1(x) (n ≥ 1).
Thus V ′n(x) = Vn(x) for n = 0, 1, 2, . . . by (4.1). Now applying (2.6),
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)n−kGk(x) =
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
= Vn(x).
This proves the theorem.
For n = 0, 1, 2, . . ., let V
(3)
n , V
(4)
n and V
(6)
n be given by (1.11)-(1.13). Then V
(3)
n , V
(4)
n
and V
(6)
n are Ape´ry-like integral sequences of the first kind with (a, b, c) = (27, 15, 729),
(64, 40, 4096) and (432, 312, 186624), respectively.
Theorem 4.2. Let p be an odd prime and x ∈ Zp. Then
Vp(x) ≡ 1− 2
(
x
p
)(
−1− x
p
)
+ 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
)2
(mod p3).
Taking x = −12 ,−
1
3 ,−
1
4 ,−
1
6 yields
Vp ≡ 8 (mod p
3), V (3)p ≡ 15 (mod p
3), V (4)p ≡ 40 (mod p
3), V (6)p ≡ 312 (mod p
3).
Proof. It is clear that
Vp(x)− 1 +
(
2p
p
)(
x
p
)(
−1− x
p
)
=
p−1∑
k=1
(
p
k
)(
p+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
= p
p−1∑
k=1
(p+ k)(p2 − 12) · · · (p2 − (k − 1)2)
k!2
(−1)k
(
x
k
)(
−1− x
k
)
≡ p
p−1∑
k=1
(p+ k)(−1)k−1(k − 1)!2(1− p2H
(2)
k−1)
k!2
(−1)k
(
x
k
)(
−1− x
k
)
≡ −p
p−1∑
k=1
p+ k − k · p2H
(2)
k−1
k2
(
x
k
)(
−1− x
k
)
(mod p4).
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Thus, appealing to (2.17), (2.18) and the known congruence
(2p
p
)
= 2
(2p−1
p−1
)
≡ 2 (mod p3),
Vp(x)− 1 + 2
(
x
p
)(
−1− x
p
)
≡ −p2
p−1∑
k=1
(
x
k
)(
−1−x
k
)
k2
− p
p−1∑
k=1
(
x
k
)(
−1−x
k
)
k
≡ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
)2
+ 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
(mod p3).
Since
(mp
np
)
≡
(m
n
)
(mod p3), taking x = −12 in the above congruence and then applying
(2.19) we get
Vp = 16
pVp
(
−
1
2
)
≡ 16p
(
1− 2
(
2p
p
)2
16−p + 2p(−2qp(2) + pqp(2)
2) + 2p2(−2qp(2))
2
)
≡ −8 + 16(1 + pqp(2))
4(1− 4pqp(2) + 10p
2qp(2)
2)
≡ −8 + 16(1 + 4pqp(2) + 6p
2qp(2)
2)(1 − 4pqp(2) + 10p
2qp(2)
2) ≡ 8 (mod p3).
Taking x = −13 in the congruence for Vp(x) (mod p
3) and then applying (2.20) we get
V (3)p = 27
pVp
(
−
1
3
)
≡ 27p
(
1− 2
(
2p
p
)(
3p
p
)
27−p + 2p
(
−
3
2
qp(3) +
3
4
pqp(3)
2
)
+ 2p2
(
−
3
2
qp(3)
)2)
≡ −2 · 2 · 3 + 27(1 + pqp(3))
3(1− 3pqp(3) + 6p
2qp(3)
2)
≡ −12 + 27(1 + 3pqp(3) + 3p
2qp(3)
2)(1 − 3pqp(3) + 6p
2qp(3)
2) ≡ 15 (mod p3).
Taking x = −14 in the congruence for Vp(x) (mod p
3) and then applying (2.21) we get
V (4)p = 64
pVp
(
−
1
4
)
≡ 64p
(
1− 2
(
2p
p
)(
4p
2p
)
64−p + 2p
(
− 3qp(2) +
3
2
pqp(2)
2
)
+ 2p2(−3qp(2))
2
)
≡ −2
(
2
1
)(
4
2
)
+ 64(1 + pqp(2))
6(1− 6pqp(2) + 21p
2qp(2)
2)
≡ −24 + 64(1 + 6pqp(2) + 15p
2qp(2)
2)(1− 6pqp(2) + 21p
2qp(2)
2) ≡ 40 (mod p3).
Taking x = −16 in the congruence for Vp(x) (mod p
3) and then applying (2.22) yields
V (6)p = 432
pVp
(
−
1
6
)
≡ 432p
(
1− 2
(
3p
p
)(
6p
3p
)
432−p + 2p
(
− 2qp(2)−
3
2
qp(3) + p
(
qp(2)
2 +
3
4
qp(3)
2
))
+ 2p2
(
− 2qp(2) −
3
2
qp(3)
)2)
≡ −2
(
3
1
)(
6
3
)
+ 432(1 + pqp(2))
4(1 + pqp(3))
3
(
1− p(4qp(2) + 3qp(3))
27
+ p2(10qp(2)
2 + 6qp(3)
2 + 12qp(2)qp(3))
)
≡ −120 + 432 = 312 (mod p3).
This completes the proof.
Theorem 4.3. Let p be an odd prime and x ∈ Zp. Then
Vp−1(x) ≡ 1− 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p− 1)
)2
(mod p3).
Taking x = −13 ,−
1
4 ,−
1
6 yields
V
(3)
p−1 ≡ 729
p−1 (mod p3), V
(4)
p−1 ≡ 4096
p−1 (mod p3), V
(6)
p−1 ≡ 186624
p−1 (mod p3).
Proof. Clearly
Vp−1(x)
=
p−1∑
k=0
(
p− 1
k
)(
p− 1 + k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
= 1 +
p−1∑
k=1
p(p− k)(p2 − 12)(p2 − 22) · · · (p2 − (k − 1)2)
k!2
(−1)k
(
x
k
)(
−1− x
k
)
≡ 1 + p
p−1∑
k=1
(p− k)(−1)k−1(k − 1)!2(1− p2H
(2)
k−1)
k!2
(−1)k
(
x
k
)(
−1− x
k
)
≡ 1− p2
p−1∑
k=1
(x
k
)(−1−x
k
)
k2
+ p
p−1∑
k=1
(x
k
)(−1−x
k
)
k
− p3
p−1∑
k=1
(
x
k
)(
−1− x
k
)
H
(2)
k−1
k
(mod p4).
Hence, applying (2.17) and (2.18) yields
Vp−1(x) ≡ 1− 2p
Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
+ 2p2
(Bp2(p−1)(−x)−Bp2(p−1)
p2(p − 1)
)2
(mod p3).
Taking x = −13 and then applying (2.20) yields
V
(3)
p−1 = 27
p−1Vp−1
(
−
1
3
)
≡ 27p−1
(
1− 2p
(
−
3
2
qp(3) +
3
4
pqp(3)
2
)
+ 2p2
(
−
3
2
qp(3)
)2)
≡ 27p−1(1 + 3pqp(3) + 3p
2qp(3)
2) ≡ 27p−1(1 + pqp(3))
3 = 729p−1 (mod p3).
Taking x = −14 and then applying (2.21) yields
V
(4)
p−1 = 64
p−1Vp−1
(
−
1
4
)
≡ 64p−1
(
1− 2p
(
− 3qp(2) +
3
2
pqp(2)
2
)
+ 2p2(−3qp(2))
2
)
≡ 64p−1(1 + 6pqp(2) + 15p
2qp(2)
2) ≡ 64p−1(1 + pqp(2))
6 = 4096p−1 (mod p3).
Taking x = −16 and then applying (2.22) yields
V
(6)
p−1 = 432
p−1Vp−1
(
−
1
6
)
≡ 432p−1
(
1− 2p
(
− 2qp(2)−
3
2
qp(3) + p
(
qp(2)
2 +
3
4
qp(3)
2
))
28
+ 2p2
(
− 2qp(2) −
3
2
qp(3)
)2)
≡ (1 + pqp(2))
4(1 + pqp(3))
3(1 + 4pqp(2) + 6p
2qp(2)
2)(1 + 3pqp(3) + 3p
2qp(3)
2)
≡ 186624p−1 (mod p3).
This completes the proof.
Remark 4.1 In [S20], the author conjectured that for any prime p > 3,
Vp−1 ≡ 256
p−1 −
3
2
p3Bp−3 (mod p
4),
and proved the congruence modulo p3.
Theorem 4.4. Let p > 3 be a prime, x ∈ Zp, x 6≡
p−1
2 (mod p) and x
′ = (x−〈x〉p)/p.
Then
p−1∑
n=0
Vn(x) ≡
1 + 2x′
1 + 2x
p+
x′(x′ + 1) + 1
1 + 2x
p3Bp−2(−x) (mod p
4).
Hence
p−1∑
n=0
V
(3)
n
27n
≡ (−1)[
p
3
]p+ 14p3Up−3 (mod p
4),
p−1∑
n=0
V
(4)
n
64n
≡ (−1)
p−1
2 p+ 13p3Ep−3 (mod p
4),
p−1∑
n=0
V
(6)
n
432n
≡ (−1)[
p
3
]p+
155
4
p3Up−3 (mod p
4).
Proof. By the definition of Vn(x) and (2.2),
p−1∑
n=0
Vn(x) =
p−1∑
n=0
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(
2k
k
) p−1∑
n=k
(
n+ k
2k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(
2k
k
)(
p+ k
2k + 1
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p(−1)k(p2 − 12) · · · (p2 − k2)
(2k + 1) · k!2
≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p(1− p2H
(2)
k )
2k + 1
(mod p4).
By [S12, Theorem 2.1],
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
2k + 1
≡
1 + 2x′
1 + 2x
+ p2
x′(x′ + 1)
1 + 2x
Bp−2(−x) (mod p
3).
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Recently Liu and Ni [LN] noted the identity
(4.2)
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
2k + 1
H
(2)
k = −2
H
(2)
n
2n + 1
.
Since H
(2)
p−1
2
=
∑(p−1)/2
r=1
1
r2
≡ 0 (mod p) by [S1, Theorem 5.2],
H
(2)
k
2k+1 ∈ Zp for k =
0, 1, . . . , p− 1. Now, from the above and (2.11),
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
2k + 1
=
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
H
(2)
k
2k + 1
≡
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
H
(2)
k
2k + 1
= −2
H
(2)
〈x〉p
2〈x〉p + 1
≡ −
2
2x+ 1
H
(2)
〈x〉p
≡ −
1
2x+ 1
Bp−2(−x) (mod p).
Hence,
p−1∑
n=0
Vn(x) ≡ p
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
2k + 1
− p3
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
2k + 1
≡
1 + 2x′
1 + 2x
p+
x′(x′ + 1)
1 + 2x
p3Bp−2(−x) +
1
1 + 2x
p3Bp−2(−x) (mod p
4).
By [S4, pp.216-217],
Bp−2
(1
3
)
≡ 6Up−3 (mod p), Bp−2
(1
6
)
≡ 30Up−3 (mod p).
By [S2, Lemma 2.5], Bp−2
(
1
4
)
≡ 8Ep−3 (mod p). Now, taking x = −
1
3 ,−
1
4 ,−
1
6 in the
congruence for
∑p−1
n=0 Vn(x) (mod p
4) and then applying the above yields the congruences
involving G
(3)
n , G
(4)
n and G
(6)
n .
Remark 4.2 Let p be an odd prime. In [S20], the author proved that
p−1∑
n=0
Vn
16n
≡ 1− p3
( p−32∑
k=0
(2k
k
)2
16k(2k + 1)
H
(2)
k +
7
2
Bp−3
)
(mod p4).
In 2019, Mao, Wang and Wang [MWW] proved Z.W. Sun’s conjecture:
p−3
2∑
k=0
(2k
k
)2
16k(2k + 1)
H
(2)
k ≡ −7Bp−3 (mod p).
Thus,
p−1∑
n=0
Vn
16n
≡ 1− p3
(
− 7Bp−3 +
7
2
Bp−3
)
≡ 1 +
7
2
p3Bp−3 (mod p
4).
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Theorem 4.5. Let p > 3 be a prime, x ∈ Zp, x 6≡
p−1
2 (mod p) and x
′ = (x−〈x〉p)/p.
Then
p−1∑
n=0
(2n+ 1)Vn(x) ≡ p
3x
′(x′ + 1)
x(x+ 1)
+ 2p4
x′(x′ + 1) + 1
x(x+ 1)
H〈x〉p (mod p
5).
Hence
p−1∑
n=0
(2n + 1)
Vn
16n
≡ p3 + 12p4qp(2) (mod p
5),
p−1∑
n=0
(2n + 1)
V
(3)
n
27n
≡ p3 +
21
2
p4qp(3) (mod p
5),
p−1∑
n=0
(2n + 1)
V
(4)
n
64n
≡ p3 + 26p4qp(2) (mod p
5),
p−1∑
n=0
(2n + 1)
V
(6)
n
432n
≡ p3 +
31
5
p4(4qp(2) + 3qp(3)) (mod p
5) for p > 5.
Proof. By (2.4),
p−1∑
n=k
(2n+ 1)
(
n+ k
2k
)
=
p(p− k)
k + 1
(
p+ k
2k
)
=
p2
k + 1
·
(p2 − 12)(p2 − 22) · · · (p2 − k2)
(2k)!
.
Thus,
p−1∑
n=0
Vn(x) =
p−1∑
n=0
(2n+ 1)
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(
2k
k
) p−1∑
n=k
(2n+ 1)
(
n+ k
2k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
p2
k + 1
·
(p2 − 12)(p2 − 22) · · · (p2 − k2)
k!2
≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p2
k + 1
·
(−1)k(−12)(−22) · · · (−k2)(1− p2H
(2)
k )
k!2
= p2
p−1∑
k=0
(
x
k
)(
−1− x
k
)
1
k + 1
− p4
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
k + 1
(mod p6).
Using the software Sigma we find the identity
(4.3)
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
H
(2)
k
k + 1
= −
2Hn
n(n+ 1)
.
Thus,
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
k + 1
=
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)k
H
(2)
k
k + 1
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≡〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)k
H
(2)
k
k + 1
= −2
H〈x〉p
〈x〉p(〈x〉p + 1)
≡ −2
H〈x〉p
x(x+ 1)
(mod p).
By [S8, Lemma 2.4] and [S12, Lemma 2.2],
p−1∑
k=0
(
x
k
)(
−1− x
k
)
p
k + 1
=
(
x− 1
p− 1
)(
−2− x
p− 1
)
=
p+ x
x+ 1
(
x− 1
p− 1
)(
−x− 1
p− 1
)
≡
p+ x
x+ 1
· p2x′(x′ + 1)
( 1
〈x〉2p
−
p(1 + 2x′)
x3
+
2pH〈x〉p
x2
)
≡
p2x′(x′ + 1)
x+ 1
( x
〈x〉2p
− 2p
x′ − xH〈x〉p
x2
)
=
p2x′(x′ + 1)
x+ 1
( x
(x− px′)2
− 2p
x′
x2
+ 2p
H〈x〉p
x
)
≡
p2x′(x′ + 1)
x+ 1
( 1
x− 2px′
− 2p
x′
x2
+ 2p
H〈x〉p
x
)
≡
p2x′(x′ + 1)
x+ 1
(x+ 2px′
x2
− 2p
x′
x2
+ 2p
H〈x〉p
x
)
= p2
x′(x′ + 1)
x(x+ 1)
(1 + 2pH〈x〉p) (mod p
4).
Thus,
p−1∑
n=0
(2n + 1)Vn(x) ≡ p
3x
′(x′ + 1)
x(x+ 1)
(1 + 2pH〈x〉p) + 2p
4
H〈x〉p
x(x+ 1)
= p3
x′(x′ + 1)
x(x+ 1)
+ 2p4
x′(x′ + 1) + 1
x(x+ 1)
H〈x〉p (mod p
5).
By (2.17) and (2.19)-(2.22),
H〈− 1
2
〉p
≡ −2qp(2) (mod p), H〈− 1
3
〉p
≡ −
3
2
qp(3) (mod p),
H〈− 1
4
〉p
≡ −3qp(2) (mod p), H〈− 1
6
〉p
≡ −2qp(2)−
3
2
qp(3) (mod p).
Now taking x = −12 ,−
1
3 ,−
1
4 ,−
1
6 in the above congruence for
∑p−1
n=0(2n+1)Vn(x) (mod p
5)
and noting that x′(x′ + 1) = x(x+ 1) yields the remaining results.
Theorem 4.6. Let p > 3 be a prime, x ∈ Zp, x 6≡ 0,−1 (mod p) and x
′ = (x−〈x〉p)/p.
Then
p−1∑
n=0
(2n + 1)(−1)nVn(x) ≡ (−1)
〈x〉pp+ p3(x′(x′ + 1) + 1)Ep−3(−x) (mod p
4).
Hence
p−1∑
n=0
(2n+ 1)
V
(3)
n
(−27)n
≡ (−1)[
p
3
]p+ 7p3Up−3 (mod p
4),
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p−1∑
n=0
(2n+ 1)
V
(4)
n
(−64)n
≡ (−1)[
p
4
]p+ 13p3sp−3 (mod p
4),
p−1∑
n=0
(2n+ 1)
V
(6)
n
(−432)n
≡ (−1)
p−1
2 p+
155
9
p3Ep−3 (mod p
4).
Proof. By (2.5),
p−1∑
n=k
(2n+ 1)(−1)n
(
n+ k
2k
)
= (p− k)
(
p+ k
2k
)
.
Thus,
(
2k
k
) p−1∑
n=k
(2n+ 1)(−1)n
(
n+ k
2k
)
=
p(p2 − 12)(p2 − 22) · · · (p2 − k2)
k!2
≡ (−1)kp(1− p2H
(2)
k ) (mod p
5).
It then follows that
p−1∑
n=0
(2n + 1)(−1)nVn(x) =
p−1∑
n=0
(2n + 1)(−1)n
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)k
(
x
k
)(
−1− x
k
)
=
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(−1)k
(
2k
k
) p−1∑
n=k
(2n + 1)(−1)n
(
n+ k
2k
)
≡
p−1∑
k=0
(
x
k
)(
−1− x
k
)
(p− p3H
(2)
k ) (mod p
5).
By [T2],
(4.4)
k∑
n=1
(
n
k
)(
n+ k
k
)
(−1)kH
(2)
k = 2(−1)
n+1
n∑
k=1
(−1)k
k2
.
Thus, appealing to (2.12),
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
=
p−1∑
k=0
(
x
k
)(
x+ k
k
)
(−1)kH
(2)
k ≡
〈x〉p∑
k=0
(
〈x〉p
k
)(
〈x〉p + k
k
)
(−1)kH
(2)
k
= 2(−1)〈x〉p+1
〈x〉p∑
k=1
(−1)k
k2
≡ −Ep−3(−x) (mod p).
From the above and (2.13),
p−1∑
n=0
(2n+ 1)(−1)nVn(x) ≡ p
p−1∑
k=0
(
x
k
)(
−1− x
k
)
− p3
p−1∑
k=0
(
x
k
)(
−1− x
k
)
H
(2)
k
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≡ (−1)〈x〉pp+ p3x′(x′ + 1)Ep−3(−x) + p
3Ep−3(−x) (mod p
4).
Now, taking x = −13 ,−
1
4 ,
1
6 and then applying (2.14)-(2.15) yields the congruences involv-
ing V
(3)
n , V
(4)
n and V
(6)
n . The proof is now complete.
Remark 4.3 Let p be an odd prime. In [Su5], Z.W. Sun conjectured that
(4.5)
p−1∑
n=1
nVn
32n
≡ −2p3Ep−3 (mod p
4)
and proved the congruence modulo p3. (4.5) was solved by Mao and Cao in [MC]. In
[Su3], Z.W. Sun conjectured that for p > 3,
p−1∑
n=0
(n+ 1)
Vn
8n
≡ (−1)
p−1
2 p+ 5p3Ep−3 (mod p
4),(4.6)
p−1∑
n=0
(2n + 1)
Vn
(−16)n
≡ (−1)
p−1
2 p+ 3p3Ep−3 (mod p
4).(4.7)
This was recently proved by Wang [W]. (4.7) can be deduced from Theorem 4.6 (with
x = −12).
Theorem 4.7. Let p be an odd prime, x ∈ Zp and x 6≡ 0 (mod p). Then
p−1∑
n=0
(−1)nVn(x) ≡


(p−1)/2∑
k=0
(
x
k
)(
−1− x
k
)(2k
k
)
4k
(mod p2) if 〈x〉p is even,
0 (mod p) if 〈x〉p is odd.
Hence
p−1∑
n=0
V
(3)
n
(−27)n
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p) if p ≡ 2 (mod 3),
p−1∑
n=0
V
(4)
n
(−64)n
≡
{
4x2 − 2p (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
0 (mod p) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
V
(6)
n
(−432)n
≡
{
(−1)[
p
3
](4x2 − 2p) (mod p2) if p = x2 + 4y2 ≡ 1 (mod 4),
0 (mod p) if p ≡ 3 (mod 4).
Proof. By Theorem 4.1, (−1)nVn(x) =
∑n
k=0
(n
k
)(n+k
k
)
(−1)kGk(x). Thus, applying
Lemma 2.4 gives
p−1∑
n=0
(−1)nVn(x) ≡
p−1∑
k=0
p
2k + 1
Gk(x) = Gp−1
2
(x)+p
(p−3)/2∑
k=0
(Gk(x)
2k + 1
+
Gp−1−k(x)
2(p− 1− k) + 1
)
(mod p3).
By [S18, Theorem 3.1] and Theorem 3.4, for k = 0, 1, . . . , p− 1,
(4.8) Gk(x) ≡ Gp−1(x)Gp−1−k(x) ≡ (−1)
〈x〉pGp−1−k(x) (mod p).
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Thus,
p−1∑
n=0
(−1)nVn(x) ≡ Gp−1
2
(x) + p
(p−3)/2∑
k=0
(Gk(x)
2k + 1
−
Gp−1−k(x)
2k + 1
)
≡ Gp−1
2
(x) + p
(
1− (−1)〈x〉p
) (p−3)/2∑
k=0
Gk(x)
2k + 1
(mod p2).
Now applying Theorem 3.6 yields the result.
Theorem 4.8. Let p > 3 be a prime, m,x ∈ Zp and m 6≡ 0 (mod p). Then
p−1∑
n=0
Vn(x)
mn
≡
( p−1∑
k=0
Gk(x)
mk
)2
≡
p−1∑
k=0
(
2k
k
)(
x
k
)(
−1−x
k
)
(2−m− 1/m)k
(mod p) for m 6≡ ±1 (mod p).
Hence
p−1∑
n=0
V
(3)
n
mn
≡
( p−1∑
k=0
G
(3)
k
mk
)2
≡
p−1∑
k=0
(2k
k
)2(3k
k
)
(54 −m− 729/m)k
(mod p) for m 6≡ ±27 (mod p),
p−1∑
n=0
V
(4)
n
mn
≡
( p−1∑
k=0
G
(4)
k
mk
)2
≡
p−1∑
k=0
(2k
k
)2(4k
2k
)
(128 −m− 4096/m)k
(mod p) for m 6≡ ±64 (mod p),
p−1∑
n=0
V
(6)
n
mn
≡
( p−1∑
k=0
G
(6)
k
mk
)2
≡
p−1∑
k=0
(2k
k
)(3k
k
)(6k
3k
)
(864 −m− 186624/m)k
(mod p) for m 6≡ ±432 (mod p).
Proof. By Theorem 4.1, (−1)nVn(x) =
∑n
k=0
(n
k
)(n+k
k
)
(−1)kGk(x). Thus, taking
ck = (−1)
kGk(x) in Lemma 2.3 gives
p−1∑
n=0
Vn(x)(−u)
n ≡
p−1∑
k=0
(
2k
k
)( −u
(1− u)2
)k
Gk(x) (mod p) for u 6≡ 1 (mod p).
Replacing u with −1/m and then applying Theorem 3.7 yields
p−1∑
n=0
Vn(x)
mn
≡
p−1∑
k=0
(2k
k
)
Gk(x)
(m+ 1/m+ 2)k
≡
((m+ 1m + 2)(m+ 1m − 2)
p
) p−1∑
k=0
(2k
k
)(x
k
)(−1−x
k
)
(2−m− 1/m)k
=
p−1∑
k=0
(2k
k
)(x
k
)(−1−x
k
)
(2−m− 1/m)k
(mod p) for m 6≡ ±1 (mod p).
From Theorem 3.7, [S11, Theorem 2.2] and the above,
( p−1∑
k=0
Gk(x)
mk
)2
≡
( p−1∑
k=0
(
x
k
)(
−1−x
k
)
(1−m)k
)2
≡
p−1∑
k=0
(
2k
k
)(
x
k
)(
−1−x
k
)
(2−m− 1/m)k
≡
p−1∑
n=0
Vn(x)
mn
(mod p).
Now taking x = −13 ,−
1
4 ,−
1
6 and replacing m with
m
27 ,
m
64 ,
m
432 yields the remaining results.
Now we pose some challenging conjectures.
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Conjecture 4.1. Let p > 3 be a prime. Then
Vp ≡ 8 + 40p
3Bp−3 (mod p
4), V (3)p ≡ 15 + 132p
3Bp−3 (mod p
4),
V (4)p ≡ 40 + 704p
3Bp−3 (mod p
4), V (6)p ≡ 312 + 16120p
3Bp−3 (mod p
4),
V2p ≡ V2 + 2624p
3Bp−3 (mod p
4), V
(3)
2p ≡ V
(3)
2 + 16416p
3Bp−3 (mod p
4),
V
(4)
2p ≡ V
(4)
2 + 233984p
3Bp−3 (mod p
4).
Conjecture 4.2. Let p > 3 be a prime. Then
V
(3)
p−1 ≡ 729
p−1 −
92
27
p3Bp−3 (mod p
4),
V
(4)
p−1 ≡ 4096
p−1 −
17
2
p3Bp−3 (mod p
4),
V
(6)
p−1 ≡ 186624
p−1 −
1705
54
p3Bp−3 (mod p
4),
V
(3)
2p−1 ≡ 27
4(p−1)V
(3)
1 −
1504
3
p3Bp−3 (mod p
4),
V
(4)
2p−1 ≡ 64
4(p−1)V
(4)
1 − 3196p
3Bp−3 (mod p
4),
V
(6)
2p−1 ≡ 432
4(p−1)V
(6)
1 −
264940
3
p3Bp−3 (mod p
4).
Conjecture 4.3. Let p be a prime with p > 3. Then
p−1∑
n=0
V
(3)
n
(−27)n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 3y2 ≡ 1 (mod 3),
7
4
p2
(p−1
2
p−5
6
)−2
(mod p3) if p ≡ 2 (mod 3).
Conjecture 4.4. Let p be a prime with p > 3. Then
p−1∑
n=0
V
(3)
n
3n
≡


L2 − 2p−
p2
L2
(mod p3) if p ≡ 1 (mod 3) and so 4p = L2 + 27M2,
15
2
p2
(
[2p3
[p3 ]
)−2
(mod p3) if p ≡ 2 (mod 3),
p−1∑
n=0
V
(3)
n
243n
≡


L2 − 2p −
p2
L2
(mod p3) if p ≡ 1 (mod 3) and so 4p = L2 + 27M2,
−
1
2
p2
(
[2p3
[p3 ]
)−2
(mod p3) if p ≡ 2 (mod 3).
Conjecture 4.5. Let p be a prime with p 6= 2, 3, 7. Then
p−1∑
n=0
V (4)n ≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
149
12
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 3 (mod 7),
447
64
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 5 (mod 7),
3725
5808
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 6 (mod 7),
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p−1∑
n=0
V
(4)
n
4096n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 7y2 ≡ 1, 2, 4 (mod 7),
−
5
96
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 3 (mod 7),
−
15
512
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 5 (mod 7),
−
125
46464
p2
(
3[p/7]
[p/7]
)−2
(mod p3) if p ≡ 6 (mod 7).
Conjecture 4.6. Let p be a prime with p > 3. Then
p−1∑
n=0
V
(4)
n
16n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p = x2 + 3y2 ≡ 1 (mod 3),
5p2
(p−1
2
p−5
6
)−2
(mod p3) if p ≡ 2 (mod 3),
p−1∑
n=0
V
(4)
n
256n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p = x2 + 3y2 ≡ 1 (mod 3),
−p2
(p−1
2
p−5
6
)−2
(mod p3) if p ≡ 2 (mod 3).
Conjecture 4.7. Let p be a prime with p > 3. Then
p−1∑
n=0
V
(4)
n
(−8)n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 4y2 ≡ 1 (mod 4),
41
12
p2
(p−3
2
p−3
4
)−2
(mod p3) if p ≡ 3 (mod 4),
p−1∑
n=0
V
(4)
n
(−512)n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 4y2 ≡ 1 (mod 4),
5
12
p2
(p−3
2
p−3
4
)−2
(mod p3) if p ≡ 3 (mod 4).
Conjecture 4.8. Let p be a prime with p > 3. Then
(−1)
p−1
2
p−1∑
n=0
V
(4)
n
(−64)n
≡


4x2 − 2p−
p2
4x2
(mod p3) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
−
13
9
p2
(
[p4 ]
[p8 ]
)−2
(mod p3) if p ≡ 5 (mod 8),
−
13
2
p2
(
[p4 ]
[p8 ]
)−2
(mod p3) if p ≡ 7 (mod 8).
Conjecture 4.9. Let p be a prime with p > 3. Then
(−1)[
p
3
]
p−1∑
n=0
V
(6)
n
(−432)n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p = x2 + 4y2 ≡ 1 (mod 4),
−
31
12
p2
(p−3
2
p−3
4
)−2
(mod p3) if p ≡ 3 (mod 4).
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Conjecture 4.10. Let p > 3 be a prime and m, r ∈ Z+. Then
V
(3)
mpr ≡ V
(3)
mpr−1
(mod p3r), V
(4)
mpr ≡ V
(4)
mpr−1
(mod p3r), V
(6)
mpr ≡ V
(6)
mpr−1
(mod p3r).
Moreover,
V
(3)
mpr − V
(3)
mpr−1
p3r
≡
V
(3)
mp − V
(3)
m
p3
(mod p),
V
(4)
mpr − V
(4)
mpr−1
p3r
≡
V
(4)
mp − V
(4)
m
p3
(mod p),
V
(6)
mpr − V
(6)
mpr−1
p3r
≡
V
(6)
mp − V
(6)
m
p3
(mod p).
Conjecture 4.11. Let p > 3 be a prime and m, r ∈ Z+. Then
V
(3)
mpr−1 ≡ 729
mpr−1(p−1)V
(3)
mpr−1−1
(mod p3r),
V
(4)
mpr−1 ≡ 4096
mpr−1(p−1)V
(4)
mpr−1−1
(mod p3r),
V
(6)
mpr−1 ≡ 186624
mpr−1(p−1)V
(6)
mpr−1−1
(mod p3r).
Moreover,
V
(3)
mpr−1 − 729
mpr−1(p−1)V
(3)
mpr−1−1
p3r
≡
V
(3)
mp−1 − 729
m(p−1)V
(3)
m−1
p3
(mod p),
V
(4)
mpr−1 − 4096
mpr−1(p−1)V
(4)
mpr−1−1
p3r
≡
V
(4)
mp−1 − 4096
m(p−1)V
(4)
m−1
p3
(mod p),
V
(6)
mpr−1 − 186624
mpr−1(p−1)V
(6)
mpr−1−1
p3r
≡
V
(6)
mp−1 − 186624
m(p−1)V
(6)
m−1
p3
(mod p).
Conjecture 4.12. Let x be a real number and n ∈ Z+. If −1 < x < 0, then
Vn(x)
2 < Vn+1(x)Vn−1(x). If x /∈ [−1, 0], then Vn(x)
2 > Vn+1(x)Vn−1(x).
5. Congruences involving other Ape´ry-like sequences
In this section, we use Lemmas 2.1 and 2.2 to deduce congruences involving an, fn and
Qn.
Lemma 5.1. Let n be a nonnegative integer. Then
fn =
n∑
k=0
(
n
k
)
(−1)n−kak =
n∑
k=0
(
n
k
)
8n−kQk,
Qn =
n∑
k=0
(
n
k
)
(−9)n−kak,
an =
n∑
k=0
(
n
k
)
fk =
n∑
k=0
(
n
k
)
9n−kQk.
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Proof. By [St, (38)], an =
∑n
k=0
(n
k
)
fk. Applying the binomial inversion formula
gives fn =
∑n
k=0
(
n
k
)
(−1)n−kak. Since
Qn
(−8)n =
∑n
k=0
(
n
k
)
(−1)k fk
8k
, applying the binomial
inversion formula gives fn8n =
∑n
k=0
(n
k
)Qk
8k
. Also,
n∑
k=0
(
n
k
)
(−9)n−kak
=
n∑
k=0
(
n
k
)
(−1)n−kak
n−k∑
r=0
(
n− k
r
)
8r =
n∑
r=0
(
n
r
)
(−8)r
n−r∑
k=0
(
n− r
k
)
(−1)n−r−kak
=
n∑
r=0
(
n
r
)
(−8)rfn−r = Qn.
Applying the binomial inversion formula yields an =
∑n
k=0
(
n
k
)
9n−kQk, which completes
the proof.
Theorem 5.1. Suppose that p is an odd prime, m ∈ Zp and m 6≡ 0, 1 (mod p). Then
p−1∑
k=0
ak
mk
≡


p−1∑
k=0
(2k
k
)(3k
k
)
((m− 3)3/(m− 1))k
(mod p) if m 6≡ 3 (mod p),
p−1∑
k=0
(2k
k
)(3k
k
)
((m+ 3)3/(m− 1)2)k
(mod p) if m 6≡ −3 (mod p).
and
p−1∑
k=0
Qk
(−8m)k
≡


p−1∑
k=0
(2k
k
)(3k
k
)
((4m − 3)3/(m− 1))k
(mod p) if m 6≡
3
4
(mod p),
p−1∑
k=0
(
2k
k
)(
3k
k
)
(−(2m− 3)3/(m− 1)2)k
(mod p) if m 6≡
3
2
(mod p).
Proof. By Lemma 5.1, an =
∑n
k=0
(n
k
)
fk. From Lemma 2.1,
∑p−1
k=0
ak
mk
≡
∑p−1
k=0
fk
(m−1)k
(mod p). Now applying [S16, Theorem 2.12 and Lemmas 2.4 (with z = 1m−1)] yields
the first result. Since Qn(−8)n =
∑n
k=0
(n
k
) fk
(−8)k
, applying Lemma 2.1 gives
∑p−1
k=0
Qk
(−8m)k
≡∑p−1
k=0
fk
(−8(m−1))k
(mod p). From [S16, Theorem 2.12 and Lemma 2.4 (with z = 1−8(m−1))]
we deduce the remaining part.
Theorem 5.2. Suppose that p is a prime with p > 3. Then
p−1∑
n=0
Qn
(−6)n
≡
p−1∑
n=0
Qn
(−12)n
≡
{
2x (mod p) if 3 | p− 1, p = x2 + 3y2 and 3 | x− 1,
0 (mod p) if p ≡ 2 (mod 3).
Proof. Putting m = 34 and
3
2 in Theorem 5.1 yields
p−1∑
n=0
Qn
(−6)n
≡
Qn
(−12)n
≡
p−1∑
k=0
(2k
k
)(3k
k
)
54k
(mod p).
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Now applying [S8, Theorem 3.4] yields the result.
Theorem 5.3. Let p be an odd prime, m ∈ Zp and (m + 2)(m − 2) 6≡ 0 (mod p).
Then
p−1∑
k=0
(
2k
k
)
ak
(m+ 2)k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)
fk
(m− 2)k
(mod p),(5.1)
p−1∑
k=0
(
2k
k
)
Qk
(−8(m+ 2))k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)
fk
(−8(m− 2))k
(mod p),(5.2)
p−1∑
k=0
(
2k
k
)
Qk
(−9(m+ 2))k
≡
((m+ 2)(m− 2)
p
) p−1∑
k=0
(
2k
k
)
ak
(−9(m− 2))k
(mod p)(5.3)
and for 9m− 14 6≡ 0 (mod p),
(5.4)
p−1∑
k=0
(
2k
k
)
Qk
(−9(m+ 2))k
≡
((m+ 2)(9m − 14)
p
) p−1∑
k=0
(
2k
k
)
fk
(−9m+ 14)k
(mod p).
Proof. We first note that p |
(2k
k
)
for p+12 ≤ k ≤ p− 1. By Lemma 5.1, taking uk = fk
and vk = ak in Lemma 2.2 gives (5.1). Since
Qn
(−8)n =
∑n
k=0
(
n
k
) fk
(−8)k
, taking uk =
fk
(−8)k
and vk =
Qk
(−8)k
in Lemma 2.2 gives (5.2). By Lemma 5.1, taking uk =
ak
(−9)k
and vk =
Qk
(−9)k
in Lemma 2.2 yields (5.3). Combining (5.3) with (5.1) yields (5.4).
Theorem 5.4. Suppose that p is a prime with p > 5. Then
(−1)
p−1
2
p−1∑
n=0
(
2n
n
)
an
54n
≡
p−1∑
n=0
(
2n
n
)
Qn
18n
≡
p−1∑
n=0
(
2n
n
)
Qn
(−36)n
≡
{
4x2 (mod p) if p ≡ 1 (mod 3) and so p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3).
Proof. Taking m = 52 in (5.1) and then applying [S16, Theorem 2.2] gives
p−1∑
n=0
(
2n
n
)
an
54n
≡
(3
p
) p−1∑
k=0
(
2k
k
)
fk
50k
≡
{
(−1)
p−1
2 4x2 (mod p) if 3 | p− 1 and so p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3).
Taking m = −4 in (5.3) gives
∑p−1
n=0
(
2n
n
) Qn
18n ≡
(
3
p
)∑p−1
n=0
(
2n
n
)
an
54n (mod p). Taking m = 2
in (5.4) and applying the congruence for
∑p−1
k=0
(2k
k
) fk
(−4)k
(mod p) (see [S16, p.124]) yields
p−1∑
n=0
(
2n
n
)
Qn
(−36)n
≡
p−1∑
k=0
(
2k
k
)
fk
(−4)k
≡
{
4x2 (mod p) if 3 | p− 1 and so p = x2 + 3y2,
0 (mod p) if p ≡ 2 (mod 3).
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This proves the theorem.
Theorem 5.5. Suppose that p is a prime such that p ≡ 1, 19 (mod 30) and so
p = x2 + 15y2. Then
p−1∑
n=0
(
2n
n
)
an
9n
≡
p−1∑
n=0
(
2n
n
)
an
(−45)n
≡
p−1∑
n=0
(
2n
n
)
Qn
(−27)n
≡
p−1∑
n=0
(
2n
n
)
Qn
(−81)n
≡ 4x2 (mod p).
Proof. Taking m = 7 in (5.1) and then applying [S16, Theorem 2.5] gives
p−1∑
n=0
(
2n
n
)
an
9n
≡
(5
p
) p−1∑
k=0
(
2k
k
)
fk
5k
≡ 4x2 (mod p).
Taking m = −47 in (5.1) and then applying [S16, Theorem 2.4] gives
p−1∑
n=0
(
2n
n
)
an
(−45)n
≡
(5
p
) p−1∑
k=0
(
2k
k
)
fk
(−49)k
≡ 4x2 (mod p).
Taking m = 1, 7 in (5.3) gives
p−1∑
n=0
(
2n
n
)
Qn
(−27)n
≡
p−1∑
k=0
(
2k
k
)
ak
9k
(mod p),
p−1∑
n=0
(
2n
n
)
Qn
(−81)n
≡
p−1∑
k=0
(
2k
k
)
ak
(−45)k
(mod p).
Now combining the above proves the theorem.
Theorem 5.6. Suppose that p is an odd prime. Then
p−1∑
n=0
(
2n
n
)
Qn
(−32)n
≡
p−1∑
n=0
(
2n
n
)
Qn
64n
≡
{
4x2 (mod p) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
0 (mod p) if p ≡ 5, 7 (mod 8),
p−1∑
n=0
(
2n
n
)
an
20n
≡
p−1∑
n=0
(
2n
n
)
Qn
(−16)n
≡ 4x2 (mod p) for p = x2 + 5y2 ≡ 1, 9 (mod 20),
p−1∑
n=0
(
2n
n
)
Qn
(−48)n
≡
{
4x2 (mod p) if p = x2 + 9y2 ≡ 1 (mod 12),
0 (mod p) if p ≡ 11 (mod 12).
Proof. Taking m = 149 ,−
82
9 in (5.3) yields
p−1∑
n=0
(
2n
n
)
Qn
(−32)n
≡
p−1∑
n=0
(
2n
n
)
an
4n
(mod p),
p−1∑
n=0
(
2n
n
)
Qn
64n
≡
p−1∑
n=0
(
2n
n
)
an
100n
(mod p).
Now applying [S16, Theorem 2.14] and [S9, Theorem 5.6] yields the first congruence.
Taking m = 0 in (5.2), m = 18 in (5.1) and then applying [S16, Theorem 2.10] yields the
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second congruence. Taking m = 103 in (5.3) and then applying [S9, Theorem 4.3] gives
the third congruence.
Based on calculations by Maple, we pose the following conjectures.
Conjecture 5.1. Let p be a prime with p > 3. Then
Ap ≡ A1 −
14
3
p3Bp−3 (mod p
4), A2p ≡ A2 −
1648
3
p3Bp−3 (mod p
4),
A3p ≡ A3 − 36738p
3Bp−3 (mod p
4), A′p ≡ A
′
1 −
5
3
p3Bp−3 (mod p
4),
A′2p ≡ A
′
2 −
280
3
p3Bp−3 (mod p
4), A′3p ≡ A
′
3 − 2475p
3Bp−3 (mod p
4),
bp ≡ b1 − 6p
3Bp−3 (mod p
4), b2p ≡ b2 + 144p
3Bp−3 (mod p
4),
b3p ≡ b3 − 1566p
3Bp−3 (mod p
4), Tp ≡ T1 − p
3Bp−3 (mod p
4),
T2p ≡ T2 − 136p
3Bp−3 (mod p
4), T3p ≡ T3 − 6696p
3Bp−3 (mod p
4),
Dp ≡ D1 +
16
3
p3Bp−3 (mod p
4), D2p ≡ D2 +
448
3
p3Bp−3 (mod p
4),
D3p ≡ D3 + 3168p
3Bp−3 (mod p
4), fp ≡ f1 +
1
2
p3Bp−3 (mod p
4),
f2p ≡ f2 − 8p
3Bp−3 (mod p
4), f3p ≡ f3 − 189p
3Bp−3 (mod p
4).
Conjecture 5.2. Let p be a prime with p > 3. Then
A2p−1 ≡ A1 +
16
3
p3Bp−3 (mod p
4),
A′2p−1 ≡ A
′
1 +
200
3
p3Bp−3 (mod p
4),
f2p−1 ≡ 8
2(p−1)f1 + 17p
3Bp−3 (mod p
4),
T2p−1 ≡ 16
2(p−1)T1 − 6p
3Bp−3 (mod p
4),
D2p−1 ≡ 64
2(p−1)D1 −
44
3
p3Bp−3 (mod p
4),
b2p−1 ≡ 81
2(p−1)b1 +
16
9
p3Bp−3 (mod p
4).
Conjecture 5.3. Let p be a prime with p > 3. Then
ap ≡ a1 + 3p
2
(p
3
)
Up−3 (mod p
3), a2p ≡ a2 + 36p
2
(p
3
)
Up−3 (mod p
3),
a3p ≡ a3 + 405p
2
(p
3
)
Up−3 (mod p
3), Wp ≡W1 − 9p
2
(p
3
)
Up−3 (mod p
3),
W2p ≡W2 + 108p
2
(p
3
)
Up−3 (mod p
3), W3p ≡W3 − 729p
2
(p
3
)
Up−3 (mod p
3),
Qp ≡ Q1 − 30p
2
(p
3
)
Up−3 (mod p
3), Q2p ≡ Q2 + 720p
2
(p
3
)
Up−3 (mod p
3),
Q3p ≡ Q3 − 11340p
2
(p
3
)
Up−3 (mod p
3).
Conjecture 5.4. Let p > 3 be a prime. Then
a2p−1 ≡ (−1)
[ p
3
]92(p−1)a1 + 20p
2Up−3 (mod p
3),
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W2p−1 ≡ (−1)
[ p
3
]272(p−1)W1 − 12p
2Up−3 (mod p
3),
Q2p−1 ≡ (−1)
[ p
3
]722(p−1)Q1 − 70p
2Up−3 (mod p
3).
Conjecture 5.5. Let p > 3 be a prime. Then
p−1∑
n=0
(n+ 3)Qn
(−8)n
≡
{
3p2 (mod p3) if p ≡ 1 (mod 3),
−15p2 (mod p3) if p ≡ 2 (mod 3),
p−1∑
n=0
(n− 2)Qn
(−9)n
≡
{
−2p2 (mod p3) if p ≡ 1 (mod 3),
14p2 (mod p3) if p ≡ 2 (mod 3).
Conjecture 5.6. Let p be a prime with p > 3. Then
p−1∑
n=0
Qn
(−6)n
≡


2x−
p
2x
(mod p2) if 3 | p− 1, p = x2 + 3y2 and 3 | x− 1,
−
p((p−1)/2
(p−5)/6
) (mod p2) if p ≡ 2 (mod 3)
and
p−1∑
n=0
Qn
(−12)n
≡


2x−
p
2x
(mod p2) if 3 | p− 1, p = x2 + 3y2 and 3 | x− 1,
p
2
((p−1)/2
(p−5)/6
) (mod p2) if p ≡ 2 (mod 3).
Conjecture 5.7. Let p be a prime with p > 3. Then
p−1∑
n=0
(
2n
n
)
Qn
18n
≡


4x2 − 2p−
p2
4x2
(mod p3) if 3 | p− 1, p = x2 + 3y2 and 3 | x− 1,
p2((p−1)/2
(p−5)/6
)2 (mod p3) if p ≡ 2 (mod 3)
and
p−1∑
n=0
(
2n
n
)
Qn
(−36)n
≡


4x2 − 2p −
p2
4x2
(mod p3) if 3 | p− 1, p = x2 + 3y2 and 3 | x− 1,
−
p2
2
((p−1)/2
(p−5)/6
)2 (mod p3) if p ≡ 2 (mod 3).
Conjecture 5.8. Let p > 5 be a prime. Then
p−1∑
n=0
(
2n
n
)
Qn
(−27)n
≡
p−1∑
n=0
(
2n
n
)
Qn
(−81)n
≡
p−1∑
n=0
(
2n
n
)
an
(−45)n
≡
p−1∑
n=0
(
2n
n
)
an
9n
(mod p2).
If p ≡ 1, 17, 19, 23 (mod 30), then
(−3
p
) p−1∑
n=0
(
2n
n
)
an
9n
≡


4x2 − 2p −
p2
4x2
(mod p3) if p ≡ 1, 19 (mod 30) and so p = x2 + 15y2,
2p − 12x2 +
p2
12x2
(mod p3) if p ≡ 17, 23 (mod 30) and so p = 3x2 + 5y2.
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If p ≡ 7, 11, 13, 29 (mod 30), then
(−3
p
) p−1∑
n=0
(
2n
n
)
an
9n
≡


31
16
p2 · 5[p/3]
(
[p/3]
[p/15]
)−2
(mod p3) if p ≡ 7 (mod 30),
31
4
p2 · 5[p/3]
(
[p/3]
[p/15]
)−2
(mod p3) if p ≡ 11 (mod 30),
31
256
p2 · 5[p/3]
(
[p/3]
[p/15]
)−2
(mod p3) if p ≡ 13 (mod 30),
31
64
p2 · 5[p/3]
(
[p/3]
[p/15]
)−2
(mod p3) if p ≡ 29 (mod 30).
Conjecture 5.9. Let p > 3 be a prime. Then
(−1)
p−1
2
p−1∑
n=0
(
2n
n
)
an
54n
≡
{
4x2 − 2p (mod p2) if p = x2 + 3y2 ≡ 1 (mod 3),
0 (mod p2) if p ≡ 2 (mod 3).
Conjecture 5.10. Let p be an odd prime. Then
p−1∑
n=0
(
2n
n
)
Qn
(−32)n
≡
p−1∑
n=0
(
2n
n
)
Qn
64n
≡
{
4x2 − 2p (mod p2) if p = x2 + 2y2 ≡ 1, 3 (mod 8),
0 (mod p2) if p ≡ 5, 7 (mod 8).
Conjecture 5.11. Let p > 5 be a prime. Then
(−1)
p−1
2
p−1∑
n=0
(
2n
n
)
an
20n
≡ (−1)
p−1
2
p−1∑
n=0
(
2n
n
)
Qn
(−16)n
≡


4x2 − 2p (mod p2) if p ≡ 1, 9 (mod 20) and so p = x2 + 5y2,
2x2 − 2p (mod p2) if p ≡ 3, 7 (mod 20) and so 2p = x2 + 5y2,
0 (mod p2) if p ≡ 11, 13, 17, 19 (mod 20).
Conjecture 5.12. Let p > 3 be a prime. Then
p−1∑
n=0
(
2n
n
)
Qn
(−48)n
≡


4x2 − 2p (mod p2) if 12 | p− 1 and so p = x2 + 9y2,
2p− 2x2 (mod p2) if 12 | p− 5 and so 2p = x2 + 9y2,
0 (mod p2) if p ≡ 3 (mod 4).
Conjecture 5.13. Let p be a prime with p > 3. If m ∈ {−7,−25,−169,
−1519,−70225, 20, 56, 650, 2450} and p ∤ m(m− 2), then
p−1∑
n=0
(
2n
n
)
Qn
(16(m− 2))n
≡
(m(m− 2)
p
) p−1∑
n=0
(
2n
n
)
fn
(16m)n
(mod p2).
Conjecture 5.14. Let p be a prime with p > 3. If m ∈ {−112,−400,−2704,
− 24304,−1123600} and p ∤ m(m+ 4), then
p−1∑
n=0
(
2n
n
)
an
(m+ 4)n
≡
(m(m+ 4)
p
) p−1∑
n=0
(
2n
n
)
fn
mn
(mod p2).
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